Instability of thin-walled sections. by Bunni, U. K.
UNIVERSITY OF SURREY LIBRARY
AUTHOR O  - < •  E9 0 ' f JAJi  T ITLE A S & c r r o « J S .
I agree that the above thesis/dissertation shall be available for reading in accordance with the 
regulations governing the use of University of Surrey theses.
Author's Signature
USER'S DECLARATION
I undertake not to reproduce any portion of, or to use any information derived from, this thesis 
without first obtaining the permission, in writing, of the Librarian of the University of Surrey.
Date Signature Address
13^ * / ?  2 .
!  < 
t U . i j ?  v
! c  — -+------
f  f
_  /, w V> _  /, W
1 \ $ h I * * •
5 / " /  & o ----------------  f  --------------------- -
P T O
UNIVERSITY OF SURREY
;7-V:V
Regulations for Higher Degrees: Copyright /  f a / f a F  ■
■ .
...
Preamble
Dissemination of knowledge is one of the objects of the University. Therefore 
Members of the University and others who submit theses/dissertations for higher degrees 
are expected to relinquish to the University certain rights of reproduction arid distribution,
Moreover it is recognised that applicants owe a duty to their Departments of study,' the 
Academic Staff and sponsoring bodies for their respective contributions to the research. 
Within the limits of these requirements, the author's copyright is safeguarded. .
Regulations
1. When submitting a thesis/dissertation for the purposes of a higher degree the 
applicant shall sign an irrevocable authority in prescribed form appointing the 
Librarian his attorney with the right to reproduce the thesis/dissertation by 
photocopy or in microfilm and to distribute copies to those institutions or persons 
who in the Librarian’s opinion require them for academic (as distinct from
* commercial) purposes.
2. The Librarian in consultation with the appropriate Department of study or 
sponsoring body shall have-the right to refuse to provide copies, or to impose .% 
such conditions as he thinks fit on the provision of copies, with the object of 
safeguarding the applicant's copyright and the interests of the University and the 
sponsoring body.   ,
3. These Regulations are subject to requirements of any body under whose 
sponsorship the research project giving rise to the thesis/dissertation is 
carried on.
1 1 6 0 4 4 4  <; 5 9 0 6 0 4 4  >
UNIVERSITY OF SURREY
INSTABILITY OF THIN-WALLED SECTIONS
by
USAM KHAIRI BUNNI, B.Sc.
A thesis submitted fo r the Degree o f 
Doctor o f Philosophy 
in  the Department of C iv il  Engineering
June 1973
Synopsis
An inves tiga tion  is  made of the in s ta b i l i ty  of th in -  
walled sections. A v e rs a tile  computer program based on the 
f in i t e  element method o f s tru c tu ra l analysis is  developed 
which is  capable o f determining the c r i t ic a l  loads and 
buckling modes of a rb i t r a r i ly  shaped closed or open th in -  
walled sections under a rb itra ry  loading. The effectiveness 
and v a lid ity  of the program is  checked against some c lass ica l 
problems and then applied rigo rous ly  to the study of the 
loca l buckling of box columns and the o ve ra ll s ta b i l i ty  of 
th in -w a lled  box g irders in  ca n tileve r. An experimental 
programme is  performed on the buckling of th in -w a lled  
p la s tic  box-columns fo r comparison w ith  the analysis.
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Chapter 1
In troduction
1.1 General In troduction
The in tr ic a c ie s  faced in  the design and analysis of 
th in -w a lled  structures are o ffs e t by the advantages gained 
from them, namely: .
a. F le x ib i l i ty  in  the design shape and form;
b. L igh t weight: weight per covered area;
c. Economy.
In general, such structures may come under e ithe r one 
of two categories:
1. As assemblages of some th in  s tru c tu ra l forms,
e.g. box g irder bridges and tubular space structures;
2. Having small ra tio s  of thickness to  other dimensions, 
as in  the cases of th in  shells and stressed skin 
structures.
I t  is  th is  common feature, small w a ll thicknesses, th a t 
may give, r is e  to  some form of in s ta b i l i ty  in  such structures. 
The in s ta b i l i ty  being lo c a l, ove ra ll or a combination of both.
The concept o f in s ta b i l i ty  or buckling is  not a new
phenomenon to  the engineering world. I t  has been the s.ubject
of extensive research and studies fo r over two centuries.
The f i r s t  break through came w ith  the find ings of Euler in
1774, on the buckling of columns under a x ia l compression,
H 7 * )  to)The reader is  re ferred to  Langhaar ' and Bleich fo r a
deta iled  h is to ry  of the buckling problem.
* Numbers in brackets refer to the references given in Appendix 3.-
Despite a l l  th is  in tensive work, the in s ta b i l i ty  
analysis s t i l l  remains one of the most challenging problems 
in  the f ie ld  of engineering owing to the p e rp le x itie s  and 
mathematical complexities surrounding such a non-linear 
problem. I t  is  not, there fore , surpris ing  to  fin d  only 
a lim ite d  number o f closed form so lu tio ns , corresponding 
to  some sp e c ific  cases, availab le  to the designers.
1.2 The F in ite  Element Method o f Stress Analysis
I f  the d i f f ic u l t ie s  surrounding the in s ta b i l i ty  problem 
make i t  impossible to a tta in  an exact so lu tion , i t  is ,  then, 
lo g ic a l fo r designers to  tu rn  towards some ana lytica l, 
methods tha t would y ie ld  p lausib le  resu lts  w ith  high degrees 
of accuracy. The f in i t e  element method is  one method amidst 
a va rie ty  of methods th a t can be employed in  such an analysis.
A resume of the f in i t e  element method is  given in  
Chapter 2 of th is  thes is . The resume describes th is  method 
of stress analysis and includes the deriva tion  o f a s tiffn e ss  
m atrix fo r a f l a t  q u a d rila te ra l she ll element using the 
p rin c ip le  of v ir tu a l displacement. The various m atrix 
form ulations, involved in  such a de riva tion , are given 
e x p lic it ly  in  Appendix 1.
1.3 The In s ta b i l i ty  Analysis
An in s ta b i l i ty  analysis of th in -w a lled  structures is  
given in  Chapter 3 of th is  thes is . A non-linear analysis 
computer program has been developed, based on the f in i t e  
element method using the displacement models discussed in  
section 3.2.
The non-linear nature of such a study p ro h ib its  the. 
use of the c lass ica l theories of line a r analysis. Hence, 
some ite ra t iv e  techniques were employed to  circumvent 
th is  d i f f ic u l t y .
'•V
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The computer program determines the c r i t ic a l  load le ve l 
th a t induces some form o f in s ta b i l i ty  in  a s tru c tu ra l system. 
Such, a determination is  based on the Newton-Raphson ite ra t iv e  
approach. Furthermore, the program detects the c r i t ic a l  
degrees of freedom and, employing a suggested ^ ite ra tiv e  
approach, based on a successive ite ra t io n  technique, determines 
the buckling mode fo r  the s truc tu re , (section 3 .6 ). .
To help the reader in  fo llow ing  the basic parts of 
the program, a general discussion on basic in s ta b i l i ty  
theory is  given in  section 3.3.
1.4 Applications
The computer program has been applied to  the in s ta b i l i ty  
analysis of various th in -w a lled  structures to investiga te  
the v a lid ity  or the inadequacy, as the case may be, of some 
of the c lass ica l assumptions and design procedures followed 
by designers when dealing w ith  such s tru c tu ra l systems.
P riq r to  such app lica tions, the program was tested 
against some problems whose closed form so lu tions are w e ll 
established. The in s ta b i l i ty  analysis of th in  f la t  p la tes, 
w ith  d if fe re n t aspect ra tio s  and boundary conditions, and 
th a t o f curved sheet panels were investigated. The resu lts  
of th is  study is  given in  the e a r lie r  part of Chapt.er 4.
»
The main applications of the program were on two th in -  
walled structures, formed as assemblages o f some s tru c tu ra l 
elements, which are thought to be of relevant importance to  
current design and- analysis. The f i r s t  app lica tion  is  th a t 
to the in s ta b i l i ty  analysis of box columns and the second 
is  to  th a t of cantilevered box g irders .
With regards to  the box column problem, the c lass ica l 
assumptions consider the boundary conditions of the lon g itud ina l 
edges, o f the s tru c tu ra l element forming the box, to  be of 
simple support type. Hence, the in s ta b i l i ty  analysis of such
, -M. •■V. ;■~ ' "_i-—
a structure  is  reduced to  an in s ta b i l i ty  study o f the 
in d iv id u a l elements co n s titu tin g  the four faces of the 
box column. . *
Although p lausib le  resu lts  have been obtained fo r  
rectangular box sections using such assumptions, l i t t l e  
work has been done to  investiga te  the genera lity  of these 
assumptions, when dealing w ith  box sections formed as 
assemblages of f l a t  plates and curved sheet panels, or 
some sh e ll type surfaces.
Such a study was carried  out on box columns w ith  the 
cross-section shown in  F ig. App 2-1. No assumptions were 
made regarding the boundary condition along the lon g itud ina l 
edges of the f la t  webs and the curved flanges. The in v e s ti­
gation was supplemented by an experimental programme on 
such box columns. The experimental study is  reported in  
Chapter 5. The spec ifica tions and properties of the te s t 
models are given in  Appendix 2.
The next app lica tion  was to  the current most controvers ia l 
bridge engineering s truc tu res , namely box g ird e rs .' The work 
was motivated by the recent collapse of two major bridges: 
the M ilfo rd  Haven and the Koblenz bridges. Both collapsed 
w h ils t under construction by the can tilever method,' so i t  
was to  the cantilevered sta te  th a t a tten tion  was d irected.
Although the present design procedure fo r  box g irde r 
bridges requires a s ta b i l i ty  analysis of in d iv id u a l plates 
or s tiffe n ed  panels, taken in  is o la tio n , the present study, 
as given in  section 4.6 and 4.6.1, i l lu s tra te s  the importance 
of a f in a l check on the global s ta b i l i ty  of the whole s tructu re
Past experience ind icates tha t th in -w a lled  structures 
may adopt she ll-type  behaviour and as such d isp lay th e ir  
undesirable in s ta b i l i ty  ch a ra c te ris tics . Hence, the e ffe c ts  
of i n i t i a l  imperfections on the c r i t ic a l  load leve ls can be 
of a major importance. '
An extensive programme was carried  out to  study the 
g lobal in s ta b i l i ty  of a cantilevered box g ird e r. The study 
included the evaluation of the c r i t ic a l  load leve l and the 
determination of the buckling mode. I n i t i a l  im perfections, 
in  the form of i n i t i a l l y  applied root moment, were incorporated 
and th e ir  e ffec ts  on the c r i t ic a l  load leve ls  were recorded.
The study is  presented in  sections 4.6 and 4 . 6 ! .
To supplement the discussion given throughout the 
thes is , f in a l concluding remarks are given in  Chapter 6.
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2.1 General In troduction
Less than twenty years ago, the engineering world witnessed 
the debut of the f in i t e  element method as a powerful to o l fo r
the analysis of complex structures. The method can be< ■
considered as a successful development o f'th e  work done by 
Hrennikoff in  1 9 4 1 McHenry in  1943-1944 2^0  ^ on la t t ic e  
analogy and the work of others, such as Newmark in  1949 2^3>
Levy in  1953 Pari'kh and N orris 2^7  ^ in  th e ir  id e a liza tio n
of plates and she lls  in to  networks of beams which could then 
be treated as g rilla g e , systems.
The actual development of the f in i t e  method, as i t  is
known today, can be a ttr ib u te d  to  Turner, Clough, Martin and 
(42)ToPP * Their work published in  1956 is  s t i l l  considered 
as one of the f i r s t  c la ss ica l contribu tions to  the development 
of th is  method of analysis.
Since then much work has been carried out to re fin e  th is  
technique of stress analysis against errors associated w ith  i t  - 
namely: id e a liza tio n  e rro rs , d is c re tiza tio n  errors and manipulation 
e rro rs , the explanation of which w i l l  be given la te r  in  .th is  
chapter.
2.2 The F in ite  Element Method of Analysis
The concept of m atrix method of s tru c tu ra l analysis fo r  
ske le ta l structures is  w e ll established. B as ica lly , a ske le ta l 
s tructu re  can be viewed as an assemblage of ’ two-ended1 members 
(or elements) a rb i t r a r i ly  connected at a f in ite ,  number of po in ts , 
usually ca lled "Jo in ts ", a t which the conditions of equ ilib rium  
and co m p a tib ility  are s a tis fie d . The m atrix method of analysis 
re la tes  the external applied loads to  the displacements a t the 
jo in ts  by a lin e a r transform ation, a form o f which is  given in  
equation (2-2).
Chapter 2
Resume1: The Finite Element Method of Analysis
uUnlike a skeletal structure where a finite number of 
joints define the whole configuration, a true elastic continuum 
has an infinite number of interconnected points. Hence, to 
satisfy the conditions of equilibrium and compatibility for all 
the points of a continuum would be a formidable feat for all 
but the most trivial situations.
To circumvent these difficulties, the continuum is assumed 
to have a finite number of points, arbitrarily chosen, at 
which the equilibrium and/or compatibility requirements are 
satisfied. These points are called 'Nodes' or 'Nodal Points'.
Thus, a continuum can be viewed as an assemblage of non- 
overlapping discrete (finite) elements formed by arbitrarily 
joining a number of nodal points by imaginary lines*.
Hence, a finite element is of an arbitrary shape depending 
largely on the analyst.and.to a lesser extent on the geometry 
of the continuum to be analysed. The most commonly used are 
the triangular, rectangular and quadrilateral flat elements*.
The errors associated with this representation, i.e. a continuum 
by a number of finite elements, are referred to as 4Discretization1 
errors. 'Idealization1 errors refer to the approximations 
involved in representing a curved continuum, e.g. shell surfaces, 
by a number of flat elements. The numerical rounding errors 
arising throughout the computational sequences are referred to 
as 'Manipulation1 errors.
2.2.1 Choice of a Function
Having decided on the shape of an element, a function is 
chosen to define uniquely the state of either the displacement
* Elements with internal nodes and/or with additional nodes along 
their boundaries have been suggested and used by a number of
authors'12' 41, 45). .
Curved shell elements and three dimensional elements have been 
employed by a number of researchers^'0' ^ .
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or stress w ith in  each f in i t e  element*. This is  a m odification 
o f the w e ll recognised Rayleigh-Ritz method w ith  the d ifference 
th a t in  the f in i t e  element method the chosen function represents 
a state of e ith e r deformation or stress of ind iv id u a l elements 
w h ils t in  the Rayleigh-Ritz method the assumed function 
represents the displacement f ie ld  in  the e n tire  continuum.
Thus, the f in i t e  element method can be considered as a 
loca lized  Rayleigh-Ritz technique of analysis.
A perfect and idea l function  should s a tis fy  both 
equ ilib rium  and co m p a tib ility  requirements w ith in  and along' 
the edges of an element. For membrane behaviour the 
equ ilib rium  requirements are the w e ll established d if fe re n t ia l 
equations of two-dimensional e la s t ic ity ,
^  n   _
T  .  v  —  Uax ay
• . . . . • (2-1)
-*3-+ ar*y = o
•av ax
To sa tis fy  the co m p a tib ility  requirements, co n tin u ity  
of d e flec tion  over the whole surface o f an element and• 
co n tin u ity  of slopes along and across the edges should be 
established. * ■
In p rac tice , the assumed functions usually v io la te  one 
or both of these requirements. A common v io la t io n  w ith  
displacement functions is  th a t of normal slopes across the 
edges of an element. The disadvantages and consequences
* The concept of using a ’Hybrid’ model: a mixed model tha t 
uses both displacement and stress function in  representing 
the behaviour of an element, has been considered by 
Veubeke .
involved w ith  th is  v io la t io n  are discussed in  section 3.2.2.
F u lly  compatible functions fo r rectangular and tr ia n g u la r
(21) (44)elements have been suggested by Melosh and Veubeke ,
respective ly,
2 .2 .1 !  Upper and Lower Bounds to a Solution
Due to the approximations involved in  representing an 
actual continuum by some mathematical model, being a d is ­
placement or an equ ilib rium  model, the exact so lu tion  cannot 
be atta ined. However, a l im i t  to the exact so lu tion  can be 
reached w ith  such models. The problem, thence, lie s  in  
find ing  whether the approximate so lu tion  represents an upper 
or a lower bound to  the exact so lu tion .
The concept o f upper and lower bounds to  a so lu tion  is
re la ted  to the state of s tra in  energy of the s truc tu re . For
a structure  under the action o f an a rb itra ry  loading system,
the re s tr ic tio n s  imposed by a chosen displacement function ,
where a f in i t e  number of generalised coordinates are assumed
to represent an in f in i te  number of degrees of freedom, lead
to an underestimate of the s tra in  energy. On the other hand,
the re s tr ic t io n s  associated w ith  an assumed stress function
(29)lead to an overestimate of the s tra in  energy ,
Where, U is  the s tra in  energy o f the actual continuum; U^  
and Ue represent the s tra in  energy of a displacement model 
and an equilibrium -m odel, respective ly . Hence, i f  a compatible 
displacement function  is  employed, a lower bound to the' exact 
so lu tion  (nodal displacements) w i l l  be obtained. Conversely, 
an upper bound w i l l  be reached w ith  an equ ilib rium  model.
2.2.2 Methods o f Analysis
Once a function  is  chosen to  d e fin e .uniquely the state 
of e ith e r deformation or stress of an in d iv id u a l element, the
o r ig in a l continuum is  no longer of any concern to the analyst.
The idealized structure  is  analysed w ith  a su itab le  method th a t 
s a tis fie s  the general ru les of s tru c tu ra l ana lys is/nam ely:
a. E qu ilib rium :- in te rn a l element forces at a node ' i '  
on the continuum are in  equ ilib rium  w ith  the external 
applied loads a t th a t node;
b. C o m p a tib ility :- upon loading the s truc tu re , the 
elements deform in  such a way tha t they continue to 
meet along and across the peripheries;
c. Force-Displacement R ela tionsh ip :- in te rn a l forces 
and in te rn a l displacements w ith in  every in d iv id u a l 
element are re la ted  in  accordance w ith  the e la s t ic ity  
equations re la tin g  stress w ith  s tra in .
In general, two basic methods th a t s a tis fy  these general 
ru les can be employed fo r the analysis:
1. The Equilibrium  Method, generally known as the 
S tiffness Method;
2. The C om patib ility  Method, generally known as the 
F le x ib i l i ty  Method.
Both methods re la te  the forces (external applied loads: 
forces and moments) w ith  the nodal displacements (both 
deflections and ro ta tions) o f a lin e a r e la s tic  s tructure  by 
a lin e a r transform ation o f the form :;
[k]  . {a } = {w}  (2-2)
where, [k] is  the s tiffn e s s  m atrix o f the s truc tu re ,
\d\ is  the nodal displacement vector,
and {wj- is  the applied load vector.
Assuming th a t the m atrix K is  non-singular, equation (2-2) 
can be re -w ritte n  in  the form:
{a } = [K "1] . { W }  (2-3)
o r ,
t
j a } = [F  ]  . j W )  (2-4)
where F is  the f le x ib i l i t y  m atrix of the s truc tu re . Both
matrices, K and F , are symmetrical and pos itive  d e fin ite  
(the la t te r  is , tru e  in  the case of stable s tructu res, 
section 3.3).
The choice between the s tiffn e s s  method and the f le x ib i l i t y  
method depends la rge ly  on the type of function (s) assumed.
In general, s tiffn e ss  method is  employed when a displacement 
function, is  assumed w h ils t the f le x ib i l i t y  method is  used 
when a stress function  is  chosen.
The s tiffn e ss  method was followed throughout th is  research 
work. The fo llow ing  sections explain the method and show the 
construction of the s tiffn e ss  m atrix K fo r  a f la t  
q ua d rila te ra l sh e ll element.
2.3 Summary of the F in ite  Element Method Using a Displacement 
Function and Employing the S tiffness Method of Analysis
1. A displacement function  is  chosen to represent the
displacement behaviour of every in d iv id u a l element on the
.continuum. The chosen function should s a tis fy  the fo llow ing
(21)requirement suggested by Melosh v ' :
a. The function  should be continuous (the derivatives, 
need not be continuous) over the element surface;
b. The function  should assure co m p a tib ility  of 
displacements, both•deflections and ro ta tio n s , between 
adjacement elements. To estab lish th is  c r ite r io n  the 
displacements along any edge of the element should be 
functions of the degrees of freedom o f the nodal 
points bounding tha t edge, hence, the nodal degrees
of freedom are chosen as the generalized displacements
(section 2 .4). ‘ ;/ . ' : ■ •
c. Since the re la tio n  given in  equation (2-2) is  of 
a lin e a r nature, the function should be a line a r 
function of the generalized coordinates.
I f  these requirements are s a tis fie d , convergence to an 
exact.so lu tion  is  guaranteed as the mesh size is  reduced, 
i .e .  the d is c re tiz a tio n  errors approach zero in  the l im i t .
Using e ith e r the p r in c ip le  o f v ir tu a l work (d irec t approach)
or the p rin c ip le  of a s ta tionary to ta l p o te n tia l (energy
approach), the s tiffn e s s  matrices of every in d iv id u a l
(8 29)element on the continuum can be computed ' .
The s tiffn e ss  m atrix of the whole structure  is ,  then, 
generated. The s tiffn e ss  m atrix is  a s ingu lar m atrix 
in  the absence of boundary conditions, hence, a set of 
constra in ts is  imposed on the m atrix to  make i t  possible 
fo r the structure  to  be analysed.
From the force-displacement re la tionsh ip  of equation (2-3), 
the nodal displacements are ca lcu lated. The elements of 
the load vector W are the external applied loads which 
are, usua lly , represented as concentrated forces and 
moments acting a t the nodal p o in ts .
The stress d is tr ib u t io n  over each f in i t e  element is  
calculated. Two approaches can be followed: ' '
a. From the chosen function, a stress-nodal displacement 
relationship can be constructed from which a typical 
stress distribution can be determined;
b. By a best fit polynomial to the deformed surface; the 
polynomial being subsequently differentiated in 
accordance with the'elasticity equations relating 
stress with displacement.
2 0
A displacement function  is  chosen to simulate the 
behaviour of an element under the action of external applied 
loads by defin ing  i t s  nodal displacements in  terms o f some 
generalized parameters (coordinates), d. In m atrix form,
2.4 Basic Relationships
d = B . a e (2-5)
where dQ is  the nodal displacement vector o f an element 
i - j - k - 1  in  F ig. 2-1,
di
di
k
(2-6)
where the sub-vectors d^, d^, d^ and d1 represent the degree: 
of freedom of the respective nodal po in ts , i .e .
d±
u
v 
w 
ex 
ey 
0 z
 (2-7)
corresponding to  the fo llow ing  load vector,
x
P ' Y
P .i Mx
M
( 2 - 8 )
Mxy
2 1
Fig. 2-1 A Rectangular Element Under the Action o f:
a. in-plane forces, and
b. la te ra l, forces.
c. A r ig h t handed cartesian coordinate system.
2 2
i f  s ix  degrees of freedom are assumed per-nodal po in t.
The- components of the m atrix B define the re la tiv e  
positions of the nodal points ( i ,  j ,  k and 1) to  a chosen 
coordinate system. -
The common p ractice  is  to  have the number of general 
parameters of the chosen function  coinciding w ith  the number 
of degrees of freedom, q, a ttr ib u te d  to  an element. Hence, 
the m atrix B is  a square m atrix consisting of (q x q) 
components. But, in  general, the number of general parameters 
can be greater than the number of degrees of freedom 
hence, the m atrix B becomes a rectangular m atrix of the form,
B =
where n is  the number of 'dependent' parameters (section 2 .5 ), 
i .e .  the to ta l number of the generalized parameters equals 
q + n.
Thus, equation (2-5) becomes,
d
. .1---1
Ba i Bbi
or i = B a " a + B b °b . . » , ,  ( 2 - 1 0 )
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where aa and represent the 'independent1 and the 'dependent1 
generalized parameters, respective ly .
Re-arranging equation (2-10) and assuming th a t the m atrix
Ba is  non-singular,
.-1
01 a Ba * “  Bb * ab^ (2-11)
or
oda
d.b
a -  M . d* 
where I  is  a u n it m atrix .
(2-12)
The element s tra in s , e, can be expressed in  terms of 
the generalized parameters vector a ,
e = D . a (2-13)
The components of m atrix D are obtained by appropriate 
d if fe re n tia t io n  o f the chosen displacement function . For a 
plane s tre ss -s tra in  analysis,
r— — . —
C “ ey avay
v;y au— — hay
a v 
a x
(2-14)
where ex and are the d ire c t s tra ins and y is  the shearing 
s tra in . For p la te  bending, the s tra in  vector e represents 
the curvature of the p la te , i .e .
z
~ b  w3xz
c>w
■dy*
rt?.D w
(2-15)
Relating stresses to  s tra in s , as i i i  the case of plane 
s tre ss -s tra in  analysis, or moments to curvatures, as in  the 
case of p la te  bending, by the e la s t ic ity  matrices E 
(Appendix 1),
cr = E . e (2-16)
S ubstitu ting  fo r  e the equa lity  in  equation (2-13),
a = E. . D • a (2-17)
For plane s tre ss -s tra in  analysis, the stress vector 
represents d ire c t and shear stresses,
x
(2-18)
xy
w h ils t fo r p la te  bending,' the stress vector re fe rs  to  bending 
and tw is tin g  moments,
2.5 Derivation o f the S tiffness  M atrix Using the P rinc ip le  of 
V ir tu a l Displacement
A necessary and s u ff ic ie n t condition o f equ ilib rium  
.(between forces, P, and stresses, a) fo r a s tructu re  in  
state of compatible deformation, A, is  tha t the equa lity  
re la tionsh ip  between v ir tu a l work, dW, and v ir tu a l s tra in  
energy, dU,
dW = dU............................................. ....(2-20)
holds true fo r any a rb itra ry  v ir tu a l displacement, dA.
The in te rn a l work, dW ,^ of any d iffe re n tia b le  volume o f 
an element is  given as,
dW± = e A . a . dV ....(2-21)
where the aste risk  * represents v ir tu a l q ua n titie s  and the
superscript T denotes m atrix transpos ition . In tegra ting  over 
the whole volume of the element,
W± = J  e*T . . dV . . . . . (2 -2 2 )
vol
The external work associated w ith  v ir tu a l displacement, 
A*, is  given as,
*rp
= A 1 . P . . . . .  (2-23)
where P is  the equivalent load vector whose components are 
both the external applied loads and the loads exerted on the 
element by the adjacent+ones,
r t  =
q n
'  (2-24)0  ! 0
26
*rp C *rn
A . P - I e . a . dV . . . . .  (2-25)‘'Vol
Using the relationship of equation (2-20),
and su bs titu tin g  equations (2-12, -13, -17) in  equation (2-25) 
y ie ld s ,
A . .P - J |(D .M .A*)T (E.D.M.A)} dV ......... (2t26)
noting tha t the displacement A is  not a v ir tu a l quantity  but 
a rea l one corresponding to  a rea l stress. Re-arranging 
equation (2-26),
C  * r n  m  m
A . P = J (A E D M A) dV  (2-27)
and extracting  from the in te g ra l the terms which are independent 
on x and y, y ie ld s ,
*rp *rn rp
A . P = A M I  /  (DT E D) dvj*M A ......... (2-28)
Since the v ir tu a l displacement A* is  an a rb itra ry  quan tity , 
equation (2-28) can be w ritte n  as ,■
P = MT |  J  (DT E D) dV |  M A  (2-29)
Denoting the .quantity (D^  ED) dV | by m atrix C,
equation (2-29) becomes ' vo*
P *  (mT C M) A . . . . . (2 -3 0 )
From the lin e a r transform ation of equation (2-2), the 
Tquantity  (M C M) represents the element s tiffn e s s  m atrix K, i .e .
K = MT . C . M (2-31)
V(Qi ( P) = U ^ )  - P  £ ' (Q ± ).  (2-32)
where U (Q )^ is  the generalized s tra in  energy,
represents some generalized coordinates, 
and P represents some generalized forces acting through
the generalized displacements £ (Q^).
In  m atrix form,
V = h dT K d -  dTW*    (2-33)
A necessary and s u ff ic ie n t condition of equ ilib rium  is  a 
sta tionary value of the to ta l p o te n tia l energy, i .e .  the 
f i r s t  va ria tio n  of V must be zero (section 3 .3 ):
Sv - Sd, + -f..... 'id +
7tY 5 d, ■ + P \L S + IS— \  .... ~k-V- S 4 b „ = a .....(/
A, b’ ^  ^  ^
(37)The total energy, V(CT,P), is given as, ,
where d^, d2 . . . . .  represent the d if fe re n t degrees of 
freedom of the structure  w h ils t afr2 ' ab3' • • • • •  akn
represent the d if fe re n t dependent, parameters of the chosen 
function  (equation 2-10).
For <SV to be zero, a l l  the deriva tives of V must be 
equal to zero, i . e . ,
PV = o • = o i   DJ/ = o
(2-35)
-34)
Equation (2-33) can be written explicitly as
kll - • •• ‘fa •.... *<,„ d.
*£7.1 +7- - *■ * <■*.%, •* * • ><%n dx
% K<h.'"• -*** fan fa
i, <n... • • n^r) . far,
P,
o
(2-36)
D iffe re n tia tin g  w ith  respect to cK , only those terms 
w ith  cL y ie ld  a non-zero d e riva tive . Hence, the to ta l 
p o te n tia l energy, V, can be expanded while re ta in ing  only 
those terms in  dp
fc. J.*-o *• bn + • R-
(2-37)
l<~fa ^  + * • ■ °k* V  ^  ■* ^
.   (2-38)
D iffe re n tia tin g  V w ith  respect to a l l  degrees o f freedom 
and a l l  the dependent parameters a^, y ie lds a set of simultaneous 
equations which can be expressed and p a rtitio n e d  in  m atrix 
form as,
qo
0
d
oi.
and
I t  fo llows th a t
Q -  Kaa d + Kab “ b
0 = Kba d + Kbb “ b
Solving fo r ct^,
( 2 - 3 9 )
-  k7} K. dbb ba - ( 2 - 4 0 )
Therefore,
or
Q
Q
Kaa d -  Kab :+b Kba d '
(I<aa " Kab Kbb Kba> d
. ( 2 - 4 1 )
By d e f in it io n , the element s tiffn e ss  m atrix
K = K__ -  K , K, “ K.e aa ab bb ba ( 2 - 4 2 )
For the p a rtic u la r  case when the number o f generalized 
parameters coincides w ith  the number of degrees of freedom, 
i .e .  is  zero, the element s tiffn e s s  m atrix Ke is  reduced 
to  Kaa only. .
2.6 The Instability of Flat Shell Element
The large d e fle c tio n  and non-linear geometry concepts
can be employed in  the d e riva tion  of the s tiffn e s s  m atrix
of a f la t  sh e ll element under the combined action of in~plane
and la te ra l forces. An assumption is  made concerning the
uncoupling of the membrane and fle x u ra l behaviour of the 
(9)element . This uncoupling is  in  the nature o f lin e a r 
analysis but which can be used in  s im p lify ing  problems of a 
non-linear nature, e.g. in s ta b i l i t y  analysis.
The physical in te rp re ta tio n s  of the assumption can be 
summarized as fo llow s:
For a p la te  under the combined action o f both in-p lane 
and la te ra l forces, the to ta l elongation in  the x and y 
d irec tions are given by Timoshenko and G e re ^ ^ :
where, the s tra ins  associated w ith  la te ra l deformations are
.(2-43)
1+ BW
1 b x  By
2
2 (2-44)
Assuming th a t the elongations due to bending are small 
compared to those due to  in-p lane forces and th a t the in-plane
31
forces remain constant during bending, the to ta l change in  
s tra in  energy due to bending is
u  J j[n" - i x *  * ! * ) ]  ^  '
i f j [ n A W 2
\ ° If \ ( I
z ‘ 2 
S>W . c>W" 7 +X7^ ' By*,
r iw iw .piw >n (
L Bx1 Uxay/J
(2-45)
where Nx , and Nx^ are the in-plane forces (stresses per 
u n it len g th ).
The th ird  in te g ra l on the r ig h t hand side of equation (2-45)
represents the s tra in  energy of a p la te  under pure bending.
(39)Timoshenko and Gere have shown tha t the f i r s t  in te g ra l
represents the work done by the in-plane forces acting in  i t s  
middle plane. Hence, the res t of the expression, i .e .  the 
second in te g ra l, represents the work done during bending in  . 
s tre tch ing the middle surface. Thus, the p o te n tia l energy 
fo r flexure  is  increased by th is  second in te g ra l,
U = y / / { N x(-§f-) + Ny( |y -)  ■,'2Nxy(|^ d xdy  ----- .(2-46)
From equation (2-46) i t  can be seen tha t the assumption 
considers the work done in  s tre tch ing  the middle surface as 
a function  of the la te ra l and not of the in-p lane deformations.
In  m atrix form, the uncoupling assumption p a r tit io n s  the master 
s tiffn e s s  m atrix K in  the form
4 1 
j
Ii1
o
i1
Pm
1
0 i 
1
....,1.,
Kf df Pf
(2-47)
w h e r e  t h e  s u b s c r i p t s  m an d  f  d e n o t e  membrane and  f l e x u r a l  
b e h a v i o u r ,  r e s p e c t i v e l y ;  d i s  t h e  n o d a l  d i s p l a c e m e n t s  
v e c t o r  and  P i s  t h e  e x t e r n a l  a p p l i e d  l o a d  v e c t o r .
The  e f f e c t ; ,  o f  s t r e t c h i n g  t h e  m i d d l e  s u r f a c e  i s  r e p r e s e n t e d  
b y  t h e  m a t r i x  N , u s u a l l y  known a s  t h e  ' I n s t a b i l i t y '  o r  
' I n c r e m e n t a l '  s t i f f n e s s  m a t r i x .  T h i s  i s  a d d e d  t o  t h e  m a s t e r  
o r  g e o m e t r i c  s t i f f n e s s  m a t r i x  K ( e q u a t i o n  2 -4 7 )  n o t i n g  
t h a t  t h e  m a t r i x  N i s  a f u n c t i o n  o f  t h e  l a t e r a l  d e f o r m a t i o n s  
o n l y .  H e n c e ,  t h e  ' E f f e c t i v e '  s t i f f n e s s  m a t r i x  b e c o m e s ,
K m  \
 H-
0  j K f
i
0
0
0
N
0 d,
d
m
f
o r ,
(K + N) . d = W (2 - 4 8 )
w h e r e  K+N i s  t h e  e f f e c t i v e  s t i f f n e s s  m a t r i x  o f  t h e  e l e m e n t
I n  w h a t  f o l l o w s  t h i s  u n c o u p l i n g  h a s  b e e n  e m p lo y e d  i n  
t h e  d e r i v a t i o n  o f  t h e  e l e m e n t s  s t i f f n e s s  m a t r i c e s  (A p p en d ix  1 ) .
A F i n i t e  E l e m e n t  A n a l y s i s  f o r  t h e  I n s t a b i l i t y  
A n a l y s i s  o f  T h i n - W a l l e d  S t r u c t u r e s
3 !  I n t r o d u c t i o n
The c o n c e p t  o f  n o n - l i n e a r  a n a l y s i s  c a n  b e  i n c o r p o r a t e d  
i n t o  a  s t r u c t u r a l  p r o b l e m  i n  t h r e e  f o r m s :
a .  M a t e r i a l  n o n - l i n e  a r  ±“t y : n o n - l i n e a r  m e c h a n i c a l -  
p r o p e r t i e s  o f  t h e  s t r u c t u r a l ,  m a t e r i a l ;
b .  G e o m e t r i c  n o n - l i n e a r i t y ;  .
c .  Beam-co lumn e f f e c t s .
A l l  t h e s e  e f f e c t s  may b e  c o n s i d e r e d  s i m u l t a n e o u s l y .
M a t e r i a l  n o n - l i n e a r i t y  i s  n o t  i n  t h e  s c o p e  o f  t h i s  r e s e a r c h  
w o rk .  B u t  g e o m e t r i c  n o n - l i n e a r i t i e s  and  i n  p a r t i c u l a r  t h e  
i n s t a b i l i t y  a n a l y s i s  o f  t h i n - w a l l e d  s t r u c t u r e s  c o n s t i t u t e s  
t h e  m a in  a r e a  ©f s t u d y .  L a n g h a a r ^ . g i v e s  a  c l a s s i c a l  
d e f i n i t i o n  o f  t h e  t e r m  ' s t a b i l i t y '  a s :  " i n f i n i t e s i m a l  
d i s t u r b a n c e s  i n  s t a b l e  s y s t e m s ,  c a u s e  o n l y  i n f i n i t e s i m a l  
d i s p l a c e m e n t s  i n  c o n f i g u r a t i o n  s p a c e " .  A m ore  g e n e r a l  
d e f i n i t i o n  o f  t h e  i n s t a b i l i t y  phenomenon i s  t h e  c o l l a p s e  o f  
a  s t r u c t u r e  due  t o  e x c e s s i v e  d e f o r m a t i o n s ^ .  C o l l a p s e  i n  
t h i s  c o n t e x t  may b e  l o c a l  o r  g l o b a l .  I n  t h i s  s t u d y  t h e  
i n s t a b i l i t y  a n a l y s i s  i n c l u d e s  t h e  e f f e c t s  o f  c h a n g i n g  g e o m e t r y  
a n d  s t r e t c h i n g  o f  t h e  m i d d l e  s u r f a c e  i n  t h e  d e r i v a t i o n  o f  t h e  
e f f e c t i v e  s t i f f n e s s  m a t r i x  o f  a f l a t  q u a d r i l a t e r a l  s h e l l  e l e m e n t ,  
a s  d i s c u s s e d  i n  s e c t i o n  2 . 6 .
*  I t  i s  w o r t h  n o t i n g  t h a t  g e o m e t r i c  n o n - l i n e a r i t i e s  and  l a r g e  
d e f l e c t i o n s  do n o t  a l w a y s  i n d u c e  i n s t a b i l i t y ,  e . g .  t h e  
b e h a v i o u r  o f  c a b l e  s t r u c t u r e s .
A m a j o r  l i m i t a t i o n  o f  t h e  f i n i t e  e l e m e n t  m e th o d  l i e s  i n  
i t s  i n a b i l i t y  t o  p r o v i d e  an  e x a c t  s o l u t i o n  f o r  a s t r u c t u r a l  
c o n t i n u u m .  B u t  s u c h  a s o l u t i o n  c a n  be  a p p r o a c h e d  i n  t h e  l i m i t  
( s e c t i o n  2 .*2 . 1 . 1 ) ,  d e p e n d i n g  on t h e  a c c u r a c y  o f  t h e  c h o s e n  
f u n c t i o n s  i n  s i m u l a t i n g  t h e  b e h a v i o u r  o f  t h e  c o n t i n u u m .  Much 
w ork  h a s  b e e n  c a r r i e d  o u t  i n :
a .  S e a r c h  f o r  t h e  i d e a l  g e o m e t r i c  s h a p e s  f o r  t h e  
s t r u c t u r a l  e l e m e n t s , and  ' ■
b .  P r o v i d i n g  m ore  a c c u r a t e  f u n c t i o n s  f o r  b o t h  d i s p l a c e m e n t - - 
an d  e q u i l i b r i u m  m o d e l s .
I n  t h e  p r e s e n t  s t u d y ,  t h e  c h o s e n  f u n c t i o n s  u s e d  a r e  
f u n c t i o n s  w h ic h  h a v e  b e e n  s u g g e s t e d  and  t e s t e d  by  a number o f  
i n v e s t i g a t o r s  an d  f o u n d  t o  b e  s u i t a b l e  f o r  s u c h  s t u d i e s .
3 . 2 . 1  Membrane B e h a v i o u r
3 ,2 .  The  Chosen D is p la c e m e n t  F u n c t io n s
The i n - p l a n e  d i s p l a c e m e n t  f u n c t i o n s  a r e  s e c o n d - o r d e r  
p o l y n o m i a l s ,  s u g g e s t e d  by  G a l l a g h e r ^  f o r  a q u a d r i l a t e r a l  
e l e m e n t  u n d e r  t h e  a c t i o n  o f  i n - ^ p la n e  f o r c e s ,
The f u n c t i o n s  a r e  d e r i v e d  f r o m  an a s su m ed  s t r e s s  d i s t r i b u ­
t i o n  t h a t  s a t i s f i e s  t h e  p e r t i n e n t  d i f f e r e n t i a l  e q u a t i o n s  of. 
e l a s t i c i t y  ( e q s .  2 -1 )  a t  e v e r y  p o i n t  on t h e  e l e m e n t .  The 
d e r i v a t i o n  o f  t h e s e  f u n c t i o n s  i s  g i v e n  i n  A p p e n d ix  1 .
The d ra w b a c k  w i t h  s u c h  p o l y n o m i a l  e x p r e s s i o n s  l i e s  i n  
t h e i r  v i o l a t i o n s  o f  t h e  c o m p a t i b i l i t y  r e q u i r e m e n t s  a l o n g  t h e  
e l e m e n t  b o u n d a r i e s .  To i l l u s t r a t e  t h i s ,  a r e c t a n g u l a r  
e l e m e n t  i s  c h o s e n  a s  a  p a r t i c u l a r  c o n f i g u r a t i o n  f o r  t h e  
q u a d r i l a t e r a l  e l e m e n t .  A lo n g  any  o f  t h e  b o u n d a r i e s ,  x  = c o n s t a n t  
o r  y . =  c o n s t a n t ,  t h e  f u n c t i o n s  a r e  r e d u c e d  t o  p a r a b o l i c  
v a r i a t i o n s  i n  e i t h e r  x o r  y .  The  two end  d i s p l a c e m e n t s ,  a t  
t h e  n o d a l  p o i n t s  b o u n d i n g  t h a t  e d g e ,  a r e  n o t  s u f f i c i e n t  t o  
d e f i n e  u n i q u e l y  s u c h  e x p r e s s i o n s  a n d ,  h e n c e ,  c o m p a t i b i l i t y  
i s  v i o l a t e d .  F o r  an  i r r e g u l a r  q u a d r i l a t e r a l  e l e m e n t  s u c h  a 
v i o l a t i o n  i s  more  p r o n o u n c e d .
The  a r g u m e n t s  f o r  an d  a g a i n s t  e m p l o y i n g  n o n - c o m p a t i b l e  
f u n c t i o n s  a r e  d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  . "
3 . 2 . 2  F l e x u r a l  B e h a v i o u r
The  d i s p l a c e m e n t  f u n c t i o n  em p lo y ed  i n  t h i s  a n a l y s i s  i s
(45)t h a t  p r e s e n t e d  by  Z i e n k i e w i c z  f o r  a r e c t a n g u l a r  f l a t
e l e m e n t .  The f u n c t i o n  i s  a n  i n c o m p l e t e  f o u r t h - o r d e r  p o l y n o m i a l  
w h e r e  o n l y  two o u t  o f  t h e  f i v e  f o u r t h - o r d e r  t e r m s  h a v e  b e e n
r e t a i n e d
X
(3 -2 )
w h e re  3]_, 32 t  
t h e  f u n c t i o n .
3j_2 a r e  bh e  g e n e r a l i z e d  c o e f f i c i e n t s  o f
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W h i l s t  c o n t i n u i t y  o f  l a t e r a l  d i s p l a c e m e n t s ,  w, i s  
g u a r a n t e e d  w i t h  s u c h  a  p o l y n o m i a l ,  c o m p a t i b i l i t y  o f  n o r m a l  
s l o p e s  a c r o s s  t h e  e l e m e n t  b o u n d a r i e s  i s  v i o l a t e d .  T h i s  
f o l l o w s  f r o m  t h e  n a t u r e  o f  t h e  s u g g e s t e d  f u n c t i o n :
A long  t h e  b o u n d a r i e s ,  x = c o n s t a n t  o r  y = c o n s t a n t ,  t h e  
v a r i a t i o n  o f  l a t e r a l  d i s p l a c e m e n t s  i s  o f  a c u b i c  o r d e r  w i t h  
r e s p e c t  t o  e i t h e r  y o r  x .  F o u r  c o n s t a n t s ,  t h e  l a t e r a l  
d i s p l a c e m e n t s  and  t h e  r o t a t i o n s  a t  t h e  n o d a l  p o i n t s ,  b o u n d i n g  
t h a t  e d g e ,  d e f i n e  u n i q u e l y  t h e  c u b i c  e x p r e s s i o n .  H en ce ,  
c o n t i n u i t y  o f  l a t e r a l  d i s p l a c e m e n t s  i s  g u a r a n t e e d .
Normal  s l o p e s  v a r y  i n  a p a r a b o l i c  fo r m  a c r o s s  t h e  e l e m e n t  
b u t  i n  a c u b i c  m a n n e r  a l o n g  t h e  b o u n d a r i e s ,  x = c o n s t a n t  o r  
y = c o n s t a n t ,  The two e n d  r o t a t i o n s  a t  t h e  n o d a l  p o i n t s ,  
b o u n d i n g  t h a t  e d g e ,  a r e  n o t  s u f f i c i e n t  t o  d e f i n e  u n i q u e l y  
t h e  c u b i c  p o l y n o m i a l .  H e n c e ,  c o n t i n u i t y  o f  n o r m a l  s l o p e s  i s  
v i o l a t e d .
F o r  a q u a d r i l a t e r a l  e l e m e n t  b o t h  c o n t i n u i t y  o f  l a t e r a l  
d i s p l a c e m e n t s  a n d  o f  n o r m a l  s l o p e s  c o u l d  b e  v i o l a t e d  w i t h  
s u c h  a f u n c t i o n .
A number  o f  a u t h o r s  h a v e  j u s t i f i e d  t h e  u s e  o f  n o n - c o n f o r m i n g  
f u n c t i o n s  w i t h  t h e  s t i f f n e s s  m e th o d  o f  a n a l y s i s  s i n c e  p a s t  
e x p e r i e n c e  h a s  shown t h a t  s u c h  f u n c t i o n s  c a n  s a v e  a g r e a t  d e a l  
o f  c o m p u t a t i o n  t i m e  an d  cum bersom e e f f o r t  i n  a n a l y s i n g  c o m p le x  
s t r u c t u r e s  a n d  s t i l l  y i e l d  a c c e p t a b l e  r e s u l t s .
Even t h o u g h  t h e  u s e  o f  a  d i s p l a c e m e n t  m o d e l  t e n d s  t o  
y i e l d  a  s t i f f e r  i d e a l i z e d  s t r u c t u r e  w h i l s t  an  e q u i l i b r i u m  
m o d e l  t e n d s  t o  g i v e  a m ore  f l e x i b l e  s t r u c t u r e ,  c o m b i n a t i o n  
o f  s u c h  two m o d e l s  s h o u l d  be  a v o i d e d ,  i d e a l l y .  P l a u s i b l e  
r e s u l t s  c a n  b e  o b t a i n e d  f r o m  s u c h  a c o m b i n a t i o n  b u t  c a r e  .mus t 
b e  t a k e n  i n  t h e  i n t e r p r e t a t i o n s  o f  s u c h  r e s u l t s .
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F u r t h e r  t o  t h i s ,  we may n o t e  t h e  o b s e r v a t i o n s  o f  Kapur
(15) 'and  H a r t z  and  o f  t h e  a u t h o r  ( s e c t i o n  4 . 2 . 1 )  r e g a r d i n g
t h e  b o u n d i n g  o f  t h e  b u c k l i n g  l o a d s .  N am ely ,  w i t h  assum ed
d i s p l a c e m e n t  f u n c t i o n s  one  w o u ld  e x p e c t  c o n v e r g e n c e  f ro m
a b o v e  t o  t h e  t r u e  b u c k l i n g  l o a d s .  How ever ,  w i t h  n o n - c o m p a t i b l e
f u n c t i o n s  c o n v e r g e n c e  f r o m  b e lo w  i s  u s u a l l y  o b t a i n e d  ow ing  t o
t h e  a s s o c i a t e d  r e l a x a t i o n  o f  t h e  i n t e r - e l e m e n t  b o u n d a r y
c o n d i t i o n s .  T h i s  c o n s e q u e n c e  i s  n o r m a l l y  w e l l  b e h a v e d .  I n
(2 1 )t h i s  r e s p e c t  t h e  f i n d i n g s  o f  M e lo sh  a ssu m e  i m p o r t a n c e .
He showed t h a t  t h e  u s e  o f  f u l l y  c o m p a t i b l e  f u n c t i o n s  d o e s  
g u a r a n t e e  c o n v e r g e n c e  t o  t h e  c o r r e c t  s o l u t i o n  w i t h  t h e • 
r e d u c t i o n  i n  mesh  s i z e  w h e r e a s  t h e  u s e  o f  n o n - c o m p a t i b l e  
f u n c t i o n s ,  t h o u g h  p r o d u c i n g  c o n v e r g e n c e ,  g i v e  no g u a r a n t e e  
t h a t  t h e  c o n v e r g e d  s o l u t i o n  i s  t h e  c o r r e c t  o n e .  H ow ever ,  
a n a l y s i s  p r o c e d u r e s  b a s e d  on t h i s  m e th o d ' - ca n  be  c h e c k e d  
a g a i n s t  c l o s e d  fo r m  s o l u t i o n s  f o r  some s i m p l e  o r  c l a s s i c a l  
p r o b l e m s .
To sum u p ,  t h e  f o l l o w i n g  p o i n t s  a r e  w o r t h  n o t i n g :
1 .  To a s s i s t  i n  c o n v e r g e n c e  t o w a r d s  a c o r r e c t  s o l u t i o n  
t h e  number  o f  i n d e p e n d e n t  c o e f f i c i e n t s ,  i n  t h e  c h o s e n  
f u n c t i o n ,  s h o u l d  c o i n c i d e  w i t h  t h e  num ber  o f  u n i t  
modes c o r r e s p o n d i n g  t o  an  e l e m e n t 26 ) ,
2 .  To a s s u r e  c o n t i n u i t y  o f  l a t e r a l  d i s p l a c e m e n t s  an d  
s l o p e s  a l o n g  and  a c r o s s  an  e l e m e n t  b o u n d a r i e s ,  t h e  
d e f o r m a t i o n s  a l o n g  an y  e d g e  s h o u l d  be  f u n c t i o n s ,  o n l y ,  
o f  t h e  d e g r e e s  o f  f r e e d o m  a s c r i b e d  t o  t h e  n o d a l  p o i n t s  
b o u n d i n g  t h a t  e d g e .  •
3 . 3  The  I n s t a b i l i t y  A n a l y s i s
To a i d  i n  t h e  u n d e r s t a n d i n g  o f  t h e  p r o c e d u r e s •u s e d  i n  
b u i l d i n g  up t h e  f i n i t e  e l e m e n t  s t a b i l i t y  p r o g r a m ,  w h ic h  f o l l o w s  
i n  s e c t i o n s  3 . 5 ,  . 6 , . 7 ,  some d i s c u s s i o n  on  b a s i c  i n s t a b i l i t y  
w i l l  now b e  p r e s e n t e d .  Terms  w i l l  b e  d e f i n e d  when t h e y  f i r s t  
a p p e a r .
The t o t a l  c h a n g e  i n  t o t a l  p o t e n t i a l  e n e r g y ,  AV, f o r  a 
s y s t e m  p e r t u r b i n g  f r o m  a s t a t e  o f  e q u i l i b r i u m ,  d u e  t o  some 
v i r t u a l  ' d i s p l a c e m e n t s ,  5q ,  c a n  b e  e x p a n d e d  i n  T a y l o r  s e r i e s  
i n  t h e  fo rm
AV = <51V + 2V + 0 (<53 ) ...........(3 - 3 )
T 2w h e r e  6 ' V . a n d  6 V r e p r e s e n t  t h e  f i r s t  and  s e c o n d  v a r i a t i o n s
3i n  V, r e s p e c t i v e l y .  0(<S ) i n c l u d e s  a l l  t h e  t e r m s  o f  o r d e r  
t h r e e  an d  h i g h e r .  F o r  a s y s t e m  w i t h  one  d i s p l a c e m e n t  
c o o r d i n a t e , .  q i ( <2 9 )
51 V =: —  5q  ( 3 - 4 a )
a n d  S q >
52 V = — ^ ( a q )2  (3 - 4 b )
d q j V 1
E q u a t i o n s  3 -3  and  3 -4  l e d  t o  t h e  f o r m u l a t i o n  o f  t h e  w e l l  
e s t a b l i s h e d  ax io m s  on t h e  c o n d i t i o n s  o f  e q u i l i b r i u m  and  
s t a b i l i t y * 1 6 '  2 9 '  3 7 >.
AXIOM 1 : . A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  f o r  e q u i l i b r i u m  
i s  a  s t a t i o n a r y  v a l u e  o f  t h e  t o t a l  p o t e n t i a l  w i t h  r e s p e c t  t o  
a l l  g e n e r a l i z e d  c o o r d i n a t e s ,  i . e .  e q u a t i o n  3 - 4 a  m u s t  v a n i s h  
f o r  a l l  v a l u e s  o f  i ,
/  v  = SQ = 0 f o r  i  = 1 ,  2 ,  . . .  n . . . . . .  (3 -5 )
B u t  6q .  r e p r e s e n t s  some a r b i t r a r y  v i r t u a l  d i s p l a c e m e n t s , ,
—) Vt h e r e f o r e ,  t h e  g r a d i e n t  -§77— s h o u l d  v a n i s h ,
2LV— r  0 f o r  i  =  1 ,  2 ,  . . .  n .............(3 -6 )
"d q j
AXIOM 2 ; A n e c e s s a r y  an d  s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  o f
e q u i l i b r i u m  i s  a c o m p l e t e  r e l a t i v e  minimum o f  t h e  t o t a l  p o t e n t i a l ,
i . e .  t h e  s e c o n d - o r d e r  v a r  
s h o u l d  b e  p o s i t i v e ,  i . e . ,
2
r i a t i o n  o f  t h e  t o t a l  p o t e n t i a l ,  <5 V,
F i g .  3 -1  shows a g r a p h i c a l  r e p r e s e n t a t i o n  o f  t h i s  
ax iom  f o r  a s y s t e m  t h a t . i s  i n  e q u i l i b r i u m ,  w i t h  one  and  
two d i s p l a c e m e n t  c o o r d i n a t e ( s ) .
The  t o t a l  p o t e n t i a l  e n e r g y  o f  a  s t r u c t u r e  t h a t  i s  
u n d e r  t h e  co m b in ed  a c t i o n  o f  b o t h  membrane and  l a t e r a l  
f o r c e s ,  c a n  b e  e x p r e s s e d  a s  a f u n c t i o n  o f  some g e n e r a l i z e d  
f o r c e s  and  some g e n e r a l i z e d  d i s p l a c e m e n t s , e q u a t i o n  2 - 3 2 .  
The s e c o n d  v a r i a t i o n ,  e x p r e s s e d  i n  t h e  fo r m  o f  t h e  H e s s i a n  
m a t r i x  H, c a n  b e  w r i t t e n  a s ,
r 2v  = £ x + q + q ;  K  ^
C \ l  =  H  Y q  *  ? q T ( K + N )  F q
w h e re  t h e  m a t r i x  K+N r e p r e s e n t s  t h e  e f f e c t i v e  s t i f f n e s s  
m a t r i x ,  a s  g i v e n  i n  e q u a t i o n  2 - 4 8 .
The s e c o n d  v a r i a t i o n  o f  t h e  t o t a l  p o t e n t i a l  e n e r g y ,  
a  q u a d r a t i c  f o r m  i n  6q ,  c a n  b e  d i a g o n a l i z e d  i n  an  i n f i n i t e  
n u m b e r - o f  w a y s .  One way o f  a c h i e v i n g  t h i s  d i a g o n a l i z a t i o n  
i s  by  means  o f  o r t h o g o n a l  t r a n s f o r m a t i o n ,
w h e r e ,
« 2 V =  0 .  u 2  =  C l u 2  +  C 2 U 2 +  . . . .  c n  u 2   ( 3 - 1 0 )
 (3 -8 )
(3 -9 )
u i  “  T_1 . . . . . ( 3 - 1 1 )
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T i s  a  n o n - s i n g u l a r  t r a n s f o r m a t i o n  m a t r i x  r e l a t i n g  t h e  
g e n e r a l i z e d  c o o r d i n a t e s ,  q ^ ,  t o  t h e  ’p r i n c i p a l '  c o o r d i n a t e s ,  
u i  ' Ci  a r e  t ^Le , s t a b i l i t y '  c o e f f i c i e n t s .
From t h i s  d i a g o n a l i z a t i o n , t h e  f o l l o w i n g  c o n d i t i o n s  a r e  
e s t a b l i s h e d :
1 .  I f  t h e  q u a d r a t i c  fo r m  i s  p o s i t i v e  d e f i n i t e  ( a l l  Cri > 0) 
t h e n  t h e  e q u i l i b r i u m  s t a t e  i s  s a i d  t o  b e  ' t h o r o u g h l y  
s t a b l e 1;
2 .  I f  t h e  q u a d r a t i c  f o r m  i s  i n d e f i n i t e ,  a d m i t t i n g  a t
l e a s t  on e  n e g a t i v e  , t h e n  t h e  e q u i l i b r i u m  s t a t e
i s  s a i d  t o  b e  ' t h o r o u g h l y  u n s t a b l e '  w i t h  r e s p e c t  t o
t h e  p r i n c i p a l  c o o r d i n a t e  u_ ( d e g r e e  o f  f r e e d o m ) .• s
The num ber  o f  n e g a t i v e  c o e f f i c i e n t s  i n d i c a t e s  t h e  
' d e g r e e  o f  i n s t a b i l i t y
3 .  I f  t h e  q u a d r a t i c  fo r m  i s  p o s i t i v e  s e m i d e f i n i t e , t h e n  
a t  l e a s t  on e  e  e q u a l s  t o  z e r o  and  t h e  e q u i l i b r i u mO
s t a t e  i s  s a i d  t o  b e  c r i t i c a l  w i t h  r e s p e c t  t o  t h e  
p r i n c i p a l  c o o r d i n a t e  u s .
The s t a b i l i t y  c o e f f i c i e n t s  c a n  be  r e p r e s e n t e d  by  t h e  
d i a g o n a l  e l e m e n t s  o f  t h e  d eco m p o se d  s t i f f n e s s  m a t r i x  •
H e n c e ,  a  s c a n  o f  t h e  a l g e b r a i c  s i g n s  o f  t h e  d i a g o n a l  e l e m e n t s  
o f  s u c h  a m a t r i x  c a n  g i v e  a  c l e a r  i n d i c a t i o n  o f  t h e  n a t u r e  
o f  t h e  s t a t e  o f  e q u i l i b r i u m .
A r i s i n g  f r o m  t h e  r e s u l t s  o f  t h e  g e n e r a l  t h e o r y  o f  e l a s t i c  
s t a b i l i t y ,  t h e  f o r m s  o f  i n s t a b i l i t y  t h a t  may o c c u r  a r e  L i m i t  
P o i n t  an d  B i f u r c a t i o n a l , ( F i g .  3 - 2 ) .  T h e s e  a r e  s u m m a r iz e d  a s  
f o l l o w s '*
* r e f e r e n c e  t o  Thompson and  C h i l v e r ^  c a n  b e  made f o r
more  d e t a i l e d  e x p o s i t i o n .
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a .  L i m i t .  P o i n t  -  i n  t h i s  fo r m  o f  i n s t a b i l i t y  t h e  
e q u i l i b r i u m  p a t h  l o s e s  i t s  s t a b i l i t y  on r e a c h i n g  a  
l o c a l l y  maximum v a l u e  o f  A , some l o a d i n g  p a r a m e t e r .  
E x a m p le s :  s h a l l o w  a r c h e s  an d  domes; .
b .  B i f u r c a t i o n a l  b u c k l i n g  o c c u r s  when t h e  ’ f u n d a m e n t a l '  
p a t h ,  e m e r g i n g  f r o m  t h e  o r i g i n ,  l o s e s  i t s  s t a b i l i t y  
on i n t e r s e c t i n g  a n o t h e r  d i s t i n c t  an d  c o n t i n u o u s  
e q u i l i b r i u m  p a t h , '  known a s  t h e  P o s t - B u c k l i n g  p a t h .
A t  t h e  p o i n t  o f  i n t e r s e c t i o n ,  u s u a l l y  c a l l e d  a 
b i f u r c a t i o n  p o i n t ,  an  e x c h a n g e  o f  s t a b i l i t y *  o c c u r s  
and  i n s t a b i l i t y  f o l l o w s .
F o r  b i f u r c a t i n g  s y s t e m s ,  t h e  s t u d y  o f  s t r u c t u r a l  i m p e r f e c -  • 
t i o n s  i s  o f  p a r a m o u n t  i m p o r t a n c e ,  p a r t i c u l a r l y  f o r  s y s t e m s  
w i t h  u n s t a b l e  p o s t - b u c k l i n g  p a t h s . '  The e f f e c t s  o f  i n i t i a l  
i m p e r f e c t i o n s  on t h e  e q u i l i b r i u m  p a t h s  a r e  shown d i a g r a m a t i c a l l y  
i n  F i g .  3 - 3 .
3 . 4  I t e r a t i v e  T e c h n i q u e s  f o r  N o n - L i n e a r  A n a l y s i s
The p r e s e n t  i n s t a b i l i t y  a n a l y s i s  i s  c o n c e r n e d  w i t h  
d e t e r m i n i n g  th© c r i t i c a l  l o c a l  b u c k l i n g  l o a d  o f  t h i n - w a l l e d  
s t r u c t u r e s .  The  e s s e n c e  o f  n o n - l i n e a r  b e h a v i o u r  a s s o c i a t e d  
w i t h  s u c h  a s t u d y  p r o h i b i t s  t h e  u s e  o f  t h e  c l a s s i c a l  l i n e a r  
m e t h o d s  o f  a n a l y s i s .  The s o - c a l l e d  i t e r a t i v e  t e c h n i q u e s  a r e  
v e r y  p o w e r f u l  m e th o d s  o f  d e a l i n g  w i t h  t h e  s o l u t i o n  o f  n o n - l i n e a r  
p r o b l e m s A l t h o u g h  t h e  r e s t  o f  t h i s  c h a p t e r  
i s  d e v o t e d ,  d i r e c t l y  o r  i n d i r e c t l y ,  t o  s u c h  m e th o d s  o f  a n a l y s i s ,  
o t h e r  m e th o d s  h a v e  b e e n  a d o p t e d  by some a u t h o r s  i n  s o l v i n g  
n o n - l i n e a r  s t r u c t u r a l  p r o b l e m s .  The e n e r g y  s e a r c h  m e t h o d s ’ 
a r e  e x a m p l e s  o f  s u c h  d i f f e r e n t  a p p r o a c h e s ^ .
* The  t e r m  ’e x c h a n g e  o f  s t a b i l i t y ’ was f i r s t  i n t r o d u c e d  by  
P o i n c a r e  i n  18 8 5 .
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F i g .  3 -3  E f f e c t s  o f  I n i t i a l  I m p e r f e c t i o n s  on  E q u i l i b r i u m  P a t h s ,  
p l o t t e d  i n  T w o - D i m e n s i o n a l  S p a c e .  -
A l i m i t e d  num ber  o f  i t e r a t i v e  t e c h n i q u e s  i s  a v a i l a b l e  
t o  t h e  a n a l y s t  i n  t r a c i n g  t h e  n o n - l i n e a r  l o a d  d i s p l a c e m e n t  
p a t h s ,  i n c o r p o r a t e d  i n  g e o m e t r i c a l l y  n o n - l i n e a r  s t r u c t u r a l  
p r o b l e m s .  I n  t h i s  t h e s i s ,  t h e  N ew to n -R ap h so n  m e th o d  h a s  b e e n  
e m p lo y e d  i n  f i n d i n g  a s o l u t i o n  t o  t h e  n o n - l i n e a r  p r o b l e m  o f  
i n s t a b i l i t y .  The m e th o d  i s  d i s c u s s e d  i n  d e t a i l  i n  t h e  n e x t  
s e c t i o n .  • v
The  r o l e  o f  t h e  N e w to n -R ap h so n  t e c h n i q u e  i n  n o n - l i n e a r  
a n a l y s i s  c a n  b e  v i e w e d  a s  one  m e th o d  a m i d s t  a  v a r i e t y  o f  
r e l a t e d  m e th o d s  w h i c h . a r e  d e l i n e a t e d  a s  f o l l o w s :
1 .  G e n e r a l  i n c r e m e n t a l  t e c h n i q u e s :
a . i n c r e m e n t a l  a p p r o a c h ,.
b .  p e r t u r b a t i o n  a p p r o a c h ,
c .  i n i t i a l  v a l u e  a p p r o a c h ;
2 .  S e l f - c o r r e c t i n g  t e c h n i q u e s :
a .  s u c c e s s i v e  i t e r a t i o n  a p p r o a c h ,
b .  N e w to n -R ap h s o n  a p p r o a c h ,
c .  m o d i f i e d  N e w to n -R ap h so n  a p p r o a c h ,
d .  s e l f - c o r r e c t i n g  i n c r e m e n t a l / m o d i f i e d  N e w to n -R a p h s o n
a p p r o a c h ,
e .  s e l f - c o r r e c t i n g  i n i t i a l  v a l u e  a p p r o a c h .
F o r  a m ore  d e t a i l e d  e x p o s i t i o n  o f  t h e s e  t e c h n i q u e s ,  
r e f e r e n c e  c a n  b e  made t o  t h e  w ork  o f  B e n e d e t t i  e t  al*. ^  ,
H a i s l e r  e t  a l .  an d  O d en ^2 ^  ,
3 . 4 !  The N e w to n -R ap h so n  Method
The  N ew to n -R ap h so n  m e th o d  i s  a s e l f - c o r r e c t i n g  t e c h n i q u e  
o f  i t e r a t i v e  a n a l y s i s .  The  a p p r o a c h  i s  s u i t a b l e  f o r  p r o b l e m s  
w i t h  h i g h  d e g r e e s  o f  n o n - l i n e a r i t y ,  y i e l d i n g  a c c u r a t e  r e s u l t s  
w i t h  good  r a t e s  o f  c o n v e r g e n c e .
The  m ethod can  b e  su m m arized  as f o l l o w s :
1.  'A s e t  o f  e x t e r n a l  l o a d s ,  WQ ( F i g .  3 - 4 ) ,  i s  a p p l i e d  
t o  t h e  s t r u c t u r e ;
2 .  The g e o m e t r i c  s t i f f n e s s  m a t r i x  K o f  e q u a t i o n  .2 -48}  
i s  g e n e r a t e d .  A t  t h i s  s t a t e  t h e  i n s t a b i l i t y  m a t r i x  
N, r e p r e s e n t i n g  t h e  s t r e t c h i n g  o f  t h e  m i d d l e  s u r f a c e ,  
i s  s e t  t o  z e r o  (a n u l l  m a t r i x )  ;
3.  A s e t  o f  b o u n d a r y  c o n d i t i o n s  and  c o n s t r a i n t s  a r e  
im p o se d  on t h e  s t r u c t u r e  and  t h e n c e ,  a  f i r s t  e s t i m a t e  
o f  t h e  n o d a l  d i s p l a c e m e n t s  i s  o b t a i n e d ,
w h e re  Kq i s  b a s e d  on t h e  o r i g i n a l  g e o m e t r y ;
4 .  The membrane f o r c e s  ( s t r e s s e s )  a r e  e v a l u a t e d  and
u s e d  i n  g e n e r a t i n g  t h e  i n c r e m e n t a l  s t i f f n e s s  m a t r i x  N;
5 .  The g e o m e t r y  o f  t h e  s t r u c t u r e  i s  c o r r e c t e d  w i t h  r e s p e c t  
t o  t h e  c a l c u l a t e d  d i s p l a c e m e n t s  a n d  h e n c e ,  a  new 
s t i f f n e s s  m a t r i x  K i s  f o r m u l a t e d ;
n o d a l  d i s p l a c e m e n t s ,  t h e  s t r u c t u r e ' s  e q u i l i b r i u m  i s  
i n v e s t i g a t e d  by  c a l c u l a t i n g  t h e  o u t - o f - b a l a n c e  
f o r c e s ,  AW, g i v e n  b y ,  1
6 . U s in g  t h e  e f f e c t i v e  s t i f f n e s s  m a t r i x a n d  t h e
(3 - 1 3 )
(w here4d^  a s  d e f i n e d  by e q u a t i o n  3 - 1 ^ ) ;
7 .  The o u t - o f - b a l a n c e  f o r c e s  a r e  a p p l i e d  t o  t h e  s t r u c t u r e  
and  a s e t  o f  ' i n c r e m e n t a l '  d i s p l a c e m e n t s ,  Ad, i s  
o b t a i n e d .  I n  g e n e r a l ,
4  7  1
F I G - 3 - 4 :  T h e  N e w t o n - R a p h s o n  I t e r a t i v e  T e c h n i q u e -
Ad. [ H  i 1 4 W i ( 3 - 1 4 )
8 . The i t e r a t i v e  p r o c e s s  ( s t e p s  4 -7  i n c l u s i v e )  i s
r e p e a t e d ,  u s i n g  t h e  i n c r e m e n t a l  d i s p l a c e m e n t s ,  t h e  
o u t - o f - b a l a n c e  f o r c e s  an d  t h e  a c c u m u l a t e d  membrane  
f o r c e s  ( e q u a t i o n  3 - 1 8 ) .  The p r o c e d u r e  i s  t e r m i n a t e d  
i f :
< 0-00.01Ad -  Ad.i-1
A d:
Haw,|.  
w 0
< 0*0001
< 0*0001
G e o m et ry
Load
 (3 -1 5 )
The v a l u e  O.OOOl i s  c h o s e n  a r b i t r a r i l y  t o  r e p r e s e n t  a  
s m a l l  q u a n t i t y  t e r m e d  a s  z e r o .  The  n o t a t i o n  | |v| 
r e p r e s e n t s  t h e  E u c l i d e a n  norm o f  a  v e c t o r  V:
V (vT . v ) ^ (3 - 1 6 )
T h r o u g h o u t  t h i s  i t e r a t i v e  p r o c e s s ,  a l l  t h e  c a l c u l a t e d  
q u a n t i t i e s  a r e  a c c u m u l a t e d  an d  s t o r e d  i n  t h e  c o m p u t e r  
( s e c t i o n  3 . 7 ) ,  i . e .  a t  any  i t e r a t i o n  c y c l e  i ,  t h e  
d i s p l a c e m e n t  v e c t o r  d^  i s  r e p r e s e n t e d  a s :
j - i -1 '
.= d ,  + £  a  d j  ( j > 1 )
J=1
S i m i l a r l y ,  t h e  membrane f o r c e s  ( s t r e s s e s )  c a n  b e  
r e p r e s e n t e d  a s :
(3 -1 7 )
f i = f  1 + £  A f , ( i > 1 )   ( 3 “ 18)
j=i
T h i s  makes  i t  p o s s i b l e  f o r  t h e  m a t r i c e s  K and  N t o  b e  
fo r m e d  w i t h  r e s p e c t  t o  t h e  l a t e s t  g e o m e t r y  an d  t o t a l  
membrane  f o r c e s .
T h u s ,  t h e  f i n a l  r e s u l t s ,  n o d a l  d i s p l a c e m e n t s  an d  membrane 
s t r e s s e s ,  r e p r e s e n t  t h e  t r u e  s o l u t i o n  f o r  a s t r u c t u r e  t h a t
a .  i s  i n  a  s t a t e  o f  e q u i l i b r i u m ;
b .  h a s  a g e o m e t r y  d e f i n e d  a s
w h e re  and  GQ a r e  t h e  f i n a l  and  o r i g i n a l  g e o m e t r i e s ,  
r e s p e c t i v e l y ,  a n d  d ^  i s  t h e  f i n a l  d i s p l a c e m e n t s  a s  
d e f i n e d  by  e q u a t i o n  3 - 1 7 ;
c .  i n c o p o r a t e s  membrane f o r c e s  a s  d e f i n e d  by  e q u a t i o n  3 - 1 8 .
3 . 5  C a l c u l a t i n g  t h e  C r i t i c a l  Load
E q u a t i o n  2 - 4 8  d e f i n e s  t h e  b a s i c  m a t r i x  r e l a t i o n s h i p  
b e t w e e n  l o a d s  an d  d i s p l a c e m e n t s  f o r  a  s t r u c t u r e  t h a t  i s  u n d e r
t h e  co m b in ed  a c t i o n  o f  membrane an d  l a t e r a l  f o r c e s .
F o r  t h e  p a r t i c u l a r  c a s e  w h e r e  t h e  e f f e c t s  o f  g e o m e t r i c  
n o n - l i n e a r i t y  a r e  i g n o r e d ,  t h e  s t i f f n e s s  m a t r i x  K r e m a i n s  
c o n s t a n t  . w h i l s t  t h e  m a t r i x  N u n d e r g o e s  a s e r i e s  o f  c o r r e c t i o n s  
w i t h  t h e  i n c r e a s e  i n  t h e  i n t e n s i t y  o f  t h e  membrane f o r c e s  a n d  
o f  t h e  a p p l i e d  l o a d i n g  s y s t e m .  H e n c e ,  e q u a t i o n  2 - 4 8  b e c o m e s :
w h e r e  X i s  a c o r r e c t i o n  f a c t o r .
W i th  s u c h  a r e l a t i o n s h i p  i n  h a n d ,  t h e  c r i t i c a l  l o a d  l e v e l  
c a n  b e  e s t i m a t e d  by  an  e i g e n v a l u e  d e t e r m i n a t i o n .  And t h u s ,  
t h e  p r o b l e m  i s  r e d u c e d  t o  a  s e a r c h  f o r  t h e  s m a l l e s t  e i g e n v a l u e ,
W (3 - 1 9 )
X , f o r  a n o n - v a n i s h i n g  d i n  t h e  e q u a t i o n :
(K + X N) d = 0 (3 - 2 0 )
I n  t h e  g e n e r a l  c a s e  w h e r e  t h e  c h a n g e  i n  g e o m e t r y  i s  
c o n s i d e r e d ,  b o t h  m a t r i c e s ,  I< and  N, a r e  a f f e c t e d  and  h e n c e ,  
e q u a t i o n  2 -4 8  b e c o m e s :
w h e re  X^' and X 2 a r e  some n o n - l i n e a r  c o r r e c t i o n -  f a c t o r s .
To e v a l u a t e  t h e  c r i t i c a l  l o a d  l e v e l ,  a n  i t e r a t i v e  
p r o c e d u r e  b a s e d  on  t h e  N e w to n -R ap h so n  m e th o d  h a s  b e e n  e m p lo y e d .  
The  p r o c e d u r e ' c a n  b e  s u m m a r i z e d  a s  f o l l o w s :
1 .  A s e t  o f  e x t e r n a l  l o a d s ,  w e l l  b e lo w  t h e  c r i t i c a l  l o a d ,  
i s  a p p l i e d  t o  t h e  s t r u c t u r e .  The N e w to n -R ap h so n  
i t e r a t i v e  a p p r o a c h  i s  em p lo y ed  an d  a s t a t e  o f  
e q u i l i b r i u m  i s  a t t a i n e d ;
2 .  The i n t e n s i t y  o f  t h e  a p p l i e d  l o a d  i s  i n c r e a s e d  by  
some i n c r e m e n t .  The  s t r u c t u r e ,  w i t h  t h e  d e f o r m e d  
g e o m e t r y  a n d  t h e  membrane f o r c e s ,  i s  a n a l y s e d  
f o l l o w i n g  t h e  s a m e . ' i t e r a t i v e  a p p r o a c h ;
3 .  The d e t e r m i n a n t  o f  t h e  e f f e c t i v e  s t i f f n e s s  m a t r i x  
[k+n | an d  t h e  d e g r e e  o f  i n s t a b i l i t y  ( s e c t i o n  3 . 3 )  
a r e  c a l c u l a t e d  a t  t h e  en d  o f  e a c h  i t e r a t i v e  c y c l e  
w i t h i n  t h e  i t e r a t i v e  p r o c e s s ;
4.  I f
a .  | K-HSfJ > 0 a n d  t h e  m a t r i x  i s  p o s i t i v e  d e f i n i t e ,  
t h e n  t h e  s t r u c t u r e  i s  i n  a . s t a t e  o f  s t a b l e  
e q u i l i b r i u m .  S t e p s  2 - 4  i n c l u s i v e ,  a r e  r e p e a t e d ;
b .  | k + n |  ~  0 t h e n  t h e  a p p l i e d  l o a d s  r e p r e s e n t  a 
c r i t i c a l  l o a d  l e v e l .  The s t r u c t u r e  i s  i n  a 
s t a t e  o f  i n c i p i e n t  i n s t a b i l i t y  a n d  h e n c e ,  t h e  
i t e r a t i v e  p r o c e s s  i s  t e r m i n a t e d ,
c. |k +n | < 0 then the structure is in a state of 
unstable equilibrium. The intensity of the 
applied loads is reduced and the iterative 
process is repeated.
An I t e r a t i v e  p r o c e d u r e  i s  s u g g e s t e d  a s  an a p p r o a c h  t o  
d e t e r m i n e  t h e  b u c k l i n g  mode o f  a s t r u c t u r e  t h a t  i s  i n  a  s t a t e  
o f  u n s t a b l e  e q u i l i b r i u m ,  w i t h  a s i n g l e  d e g r e e  o f  i n s t a b i l i t y ,  
n e i g h b o u r i n g  a s t a t e  o f  i n c i p i e n t  i n s t a b i l i t y  ( c r i t i c a l  
e q u i l i b r i u m ) . B a s i c a l l y ,  t h e  i t e r a t i v e  scheme i s  d i r e c t e d  
t o w a r d s  f i n d i n g  a n  e i g e n v e c t o r ,  r e p r e s e n t i n g  t h e  b u c k l i n g  
m ode ,  t h a t  c o r r e s p o n d s  t o  t h e  l o w e s t  e i g e n v a l u e .  The 
s u g g e s t e d  p r o c e d u r e  i s  a s  f o l l o w s :
1 .  The d i a g o n a l  e l e m e n t s  o f  t h e  d i a g o n a l i z e d  s t i f f n e s s
m a t r i x  a r e  s c a n n e d .  A n e g a t i v e  e l e m e n t  c o r r e s p o n d s
t o  a c r i t i c a l  d e g r e e  o f  f r e e d o m ,  u ( s e c t i o n  3 . 3 ) ;s
2 .  A f i r s t  a p p r o x i m a t i o n  t o  t h e  e i g e n v e c t o r  i s  a ssum ed ,  
t o  b e  a  n u l l  v e c t o r ,  V^,  e x c e p t  f o r  on e  e l e m e n t ,  
c o r r e s p o n d i n g  t o  u , w h i c h  i s  s e t  t o  ( 1 . 0 ) .  -The  
f i g u r e  1 .0  i s  c h o s e n  a r b i t r a r i l y  a s  t o  g i v e  t h e  
v e c t o r  a u n i t  l e n g t h ;
3 .  An i t e r a t i v e  p r o c e s s  i n  t h e  fo r m  o f  s u c c e s s i v e  
s u b s t i t u t i o n  i s  em p lo y e d  t o  y i e l d  b e t t e r  a p p r o x i m a t i o n s  
t o  t h e  e i g e n v e c t o r ,
3 . 6  The B u c k l in g  Mode
(3 -2 2 )
The p r o c e s s  i s  t e r m i n a t e d  when t h e  i n e q u a l i t y
0 . 9 9 9  V. < V. n i  i - l < 1 .0 0 1
i s  s a t i s f i e d .  The v a l u e s  0 . 9 9 9  and  1 . 0 0 1  a r e  c h o s e n  
a r b i t r a r i l y .
3 . 7  The  C om pu te r  P r o g r a m
A c o m p u t e r  p r o g r a m  h a s  b e e n  d e v e l o p e d  by  t h e  a u t h o r  f o r  
t h e  l o c a l  i n s t a b i l i t y  s t u d i e s  o f  t h i n - w a l l e d  s t r u c t u r e s  u s i n g
t h e  f i n i t e  e l e m e n t  m e th o d  o f  a n a l y s i s .  The  p r o g r a m ,  w r i t t e n  
i n  ALGOL l a n g u a g e  and  u s e d  w i t h  t h e  ICL 1905F c o m p u t e r  
i n s t a l l e d  a t  t h e  U n i v e r s i t y  o f  S u r r e y  and  w i t h  t h e  ATLAS 
c o m p u t e r  o f  t h e  S c i e n c e  R e s e a r c h  C o u n c i l  (was i n s t a l l e d  a t  
D i d c o t ,  B e r k s h i r e ) , i s  b a s e d  on  t h e  f i n i t e  e l e m e n t  m e th o d  a s  
d e s c r i b e d  i n  C h a p t e r  2  an d  A p p e n d ix  1 and  i n c o r p o r a t e s  t h e  
d i f f e r e n t  i t e r a t i v e  p r o c e d u r e s  d e s c r i b e d  e a r l i e r  i n  t h i s  c h a p t e r .
The  p r o g r a m  was a p p l i e d  t o  t h e  i n s t a b i l i t y  a n a l y s i s  o f  
f l a t  p l a t e s ,  c u r v e d  s h e e t  p a n e l s ,  t h i n - w a l l e d  b o x  s e c t i o n s  
an d  c a n t i l e v e r e d  b o x  g i r d e r s . -  T h e s e  a p p l i c a t i o n s  a r e  
p r e s e n t e d  and  d i s c u s s e d  i n  t h e  n e x t  c h a p t e r .
A d e s c r i p t i v e  f l o w  c h a r t  f o r  t h e  p r o g r a m  i s  g i v e n  
s c h e m a t i c a l l y  i n  F i g .  3 -5  an d  c a n . b e  s u m m a r iz ed  a s  f o l l o w s :
1 .  -The b a s i c  i n f o r m a t i o n  i s  r e a d  f r o m  a n  i n p u t  s e t  
o f  d a t a ;
2 .  The m a t r i x  f o r m u l a t i o n s  o f  A p p e n d ix  1 a r e . f o l l o w e d  
and  t h e  e l e m e n t  s t i f f n e s s  m a t r i c e s  Ke a r e  g e n e r a t e d ;
3.  The e l e m e n t  s t i f f n e s s  m a t r i c e s  a r e ,  u s u a l l y ,  fo r m e d  
i n  t h e  e l e m e n t s  own c o o r d i n a t e  s y s t e m s  ( u s u a l l y  
c a l l e d  L o c a l  c o o r d i n a t e  s y s t e m s ) .  H e n c e ,  a m a t r i x  
t r a n s f o r m a t i o n  t o  some common c o o r d i n a t e  s y s t e m  
{ u s u a l l y  c a l l e d  F ram e o r  G l o b a l  c o o r d i n a t e  s y s t e m )  
i s  c a r r i e d  o u t ;
4 .  The s t r u c t u r e ’ s s t i f f n e s s  m a t r i x  i s  a s s e m b l e d .  I t  i s  
i n  t h e  n a t u r e  o f  t h e  s t i f f n e s s  m a t r i x  t o  b e  s q u a r e ,  
s y m m e t r i c  and  s p a r s e * .  F u r t h e r ,  t h e  s p a r s i t y  i n  a
* A s p a r s e  m a t r i x  i s  a m a t r i x  w i t h  a l a r g e  number  o f  z e r o  
e l e m e n t s .  ‘ .
F I G • 3 ~ 5  : T h e  C o m p u t e r  P r o g r a m — F l o w  C h a r t
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s t i f f n e s s  m a t r i x  f o l l o w s  some u n i f o r m e d  p a t t e r n  w h e r e  
t h e  n o n - z e r o  e l e m e n t s  a r e  g r o u p e d  a r o u n d  t h e  p r i n c i p a l  
d i a g o n a l  and  h e n c e ,  t h e  m a t r i x  i s  c a l l e d  a  ’b a n d e d '  
m a t r i x .  F i g .  3 - 6 b  shows a t y p i c a l  s t i f f n e s s  m a t r i x  
f o r  t h e  h y p o t h e t i c a l  s t r u c t u r e  shown i n  F i g .  3 - 6 a .
I t  i s  o b v i o u s  t h e n ,  t h a t  o n l y  h a l f  t h e  b a n d e d  m a t r i x  
n e e d s  t o  be  f o r m u l a t e d  and  s t o r e d  i n  t h e  c o m p u t e r .
The a d v a n t a g e s  w i t h  t h i s  t y p e  o f  f o r m u l a t i o n  a r e
more  e v i d e n t  w i t h - l a r g e r  s t i f f n e s s  m a t r i c e s  c o r r e s p o n d i n g
t o  l a r g e r  a n d  m ore  c o m p le x  s t r u c t u r a l  s y s t e m s ? '
5 .  The i t e r a t i v e  p r o c e d u r e s  i n v o l v e d  i n  c a l c u l a t i n g  t h e  
c r i t i c a l  l o a d  l e v e l s  a r e  f o l l o w e d .  The  c o n v e r g e n c e  
c r i t e r i a  a r e  t h o s e  g i v e n  i n  e q u a t i o n s  3 - 1 5 ,  I f  t h e  
s t r u c t u r e  i s  i n  a  s t a t e  o f  u n s t a b l e  e q u i l i b r i u m  w i t h
a s i n g l e  d e g r e e  o f  i n s t a b i l i t y ,  t h e n  t h e  b u c k l i n g  mode 
i s  d e t e r m i n e d  f o l l o w i n g  t h e  i t e r a t i v e  p r o c e d u r e  
d e s c r i b e d  i n  s e c t i o n  3 . 6 ?
6 . The w h o le  a n a l y s i s  i s  t e r m i n a t e d  when:
a .  t h e  d i f f e r e n c e  b e t w e e n  two c r i t i c a l  l o a d s ,  
d e t e r m i n e d  a t  two d i f f e r e n t  l o a d  l e v e l s ,  a p p r o a c h  
a s m a l l  q u a n t i t y  t e r m e d  a s  z e r o ;  an d
b .  t h e  r a t i o  b e t w e e n  t h e  E u c l i d e a n  norm o f  t h e  t o t a l  
d i s p l a c e m e n t  v e c t o r ,  6^ ( F i g ,  3 - 7 ) ,  f o r  one  f u l l  
i t e r a t i v e  c y c l e ,  c o r r e s p o n d i n g  t o  a c e r t a i n  l o a d  
l e v e l ,  W^, a n d  t h a t  o f  t h e  t o t a l  a c c u m u l a t e d  
d i s p l a c e m e n t  v e c t o r ,  D^, a p p r o a c h e s  a  s m a l l  
q u a n t i t y  t e r m e d  a s  z e r o ,
i , e ‘ 11+1
'i
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F i g .  3“ 6b A T y p i c a l  S t i f f n e s s  M a t r i x ,  Where O n ly  t h e  N o n -Z e ro  
E l e m e n t s  a r e  i n d i c a t e d -  (X )»
F I G - 3 - 7 :  A  H y p o t h e t i c a l  L o a d - D i s . p l a c e m e n t  T r a c e .
C h a p t e r  4
A p p l i c a t i o n s  o f  t h e  F i n i t e -  E le m e n t  M ethod  t o  t h e
I n s t a b i l i t y  A n a l y s i s  o f  T h i n - W a l l e d  S t r u c t u r e s
4 . 1  I n t r o d u c t i o n
The f i n i t e  e l e m e n t  m e t h o d ,  a s  d e s c r i b e d  i n  c h a p t e r s  2 
a n d  3 ,  h a s  b e e n  e m p l o y e d . i n  t h e  i n s t a b i l i t y  a n a l y s i s  o f  
a) t h i n  f l a t  p l a t e s ,  b) c u r v e d  s h e e t  p a n e l s ,  c) t h i n - w a l l e d  
b o x  s e c t i o n s ,  a s  a s s e m b l a g e s  o f  f l a t  p l a t e s  an d  c u r v e d  s h e e t  
p a n e l s ,  and  d) t h i n - w a l l e d  c a n t i l e v e r e d  b o x  g i r d e r s .
4.-2 The  I n s t a b i l i t y  o f  T h i n  F l a t  P l a t e s  .
L a r g e  num ber  o f  s t r u c t u r a l  s y s t e m s  c a n  b e  c o n s t r u c t e d  a s  
a s s e m b l a g e s  o f  f l a t  p l a t e  e l e m e n t s .  Box g i r d e r  c o n s t r u c t i o n ,  
f o l d e d  p l a t e  s t r u c t u r e s  a n d  e v e n  t h e  i d e a l i z a t i o n  o f  c u r v e d  
c o n t i n u u m s  by  a num ber  o f  f i n i t e  f l a t  e l e m e n t s ,  a  common 
p r a c t i c e  w i t h  t h e  f i n i t e  e l e m e n t  m e t h o d ,  a r e  b u t  a few 
e x a m p l e s  d e m o n s t r a t i n g  t h e  v e r s a t i l i t y  o f  t h i n  f l a t  p l a t e s .
A c o n s i d e r a b l e  am oun t  o f  w ork  .ha s  b e e n  c a r r i e d  o u t  on 
t h e  s u b j e c t  o f  ' b u c k l i n g  o f  f l a t  p l a t e s ' ,  h o w e v e r ,  ow ing  t o  
t h e  m a t h e m a t i c a l  c o m p l e x i t i e s  s u r r o u n d i n g  t h e  p r o b l e m  o f  
i n s t a b i l i t y ,  o n l y  a  l i m i t e d  number  o f  a n a l y t i c a l  s o l u t i o n s  
c o r r e s p o n d i n g  t o  s p e c i f i c  c a s e s ,  e . g .  t y p e  o f  s u p p o r t s ,  l o a d i n g ,  
e t c . ,  a r e  a v a i l a b l e .  The f i n i t e  e l e m e n t  m e th o d  c a n  s e r v e  
a s  an  a n s w e r  when s u c h  i n t r i c a c i e s  a r i s e .
I n  t h i s  r e s e a r c h  w o r k ,  t h e  i n s t a b i l i t y  a n a l y s i s  o f
r e c t a n g u l a r  f l a t  p l a t e s ,  u n i f o r m l y  c o m p r e s s e d  i n  one  d i r e c t i o n ,
a n d  w i t h  v a r y i n g  b o u n d a r y  c o n d i t i o n s , was i n v e s t i g a t e d  t o
c h e c k  t h e  a c c u r a c y  o f  t h e  c o m p u t e r  p r o g r a m ,  d e v e l o p e d  by  t h e
a u t h o r  ( s e c t i o n  3 . 7 ) ,  a g a i n s t  some n o n - l i n e a r  p r o b l e m s  whose
(15 391c l o s e d  fo rm  s o l u t i o n s  a r e  w e l l  e s t a b l i s h e d  9 . T h r e e
d i f f e r e n t  a s p e c t  r a t i o s  (y = j") f o r  t h e  p l a t e  w e r e  c o n s i d e r e d :
Y = 1  ( s q u a r e  p l a t e ) .
Y = 2
y =' 10  ( l o n g  f l a t  s t r i p )
F i g .  4 - 1 .  R e c t a n g u l a r  p l a t e  
u n i f o r m l y  c o m p r e s s e d  i n  o n e  
d i r e c t i o n .
4 . 2 . 1  S im p ly  S u p p o r t e d  S q u a r e  P l a t e s  U n i f o r m l y  C o m p re sse d  i n  
One D i r e c t i o n
F i g .  4 - 3  shows f o u r  f i n i t e  e l e m e n t  m o d e l s  f o r  a s i m p l y  
s u p p o r t e d  s q u a r e  p l a t e .  Symmetry  o f  b o t h  g e o m e t r y  a n d  
l o a d i n g  h a s  b e e n  c o n s i d e r e d  an d  t h u s ,  o n l y  on e  q u a r t e r  o f  t h e  
p l a t e  n e e d s  t o - b e  a n a l y s e d .  One h a s  t o  rem em ber  t h a t ,  t h e  
a d v a n t a g e s  o f  sym m etry  c a n  b e  em p lo y e d  i n  n o n - l i n e a r  a n a l y s i s  
o n l y  when t h e  s t r u c t u r e  i s  known t o  b e h a v e  o r  d e f o r m  i n  a 
s y m m e t r i c a l  f a s h i o n .  The  b e h a v i o u r  o f  a r c h e s ,  s y m m e t r i c a l  
w i t h  r e s p e c t  t o  b o t h  g e o m e t r y  an d  l o a d i n g ,  i s  one  e x am p le  
w h e r e  sym m etry  s h o u l d  n o t  b e  c o n s i d e r e d  t h r o u g h o u t  t h e  
a n a l y s i s  ( F i g .  4 - 2 ) .
(a)
F i g .  4 -2  B e h a v i o u r  o f  A r c h e s  Under  L a t e r a l  L o a d s .
The  e x a c t  s o l u t i o n  f o r  a s i m p l y  s u p p o r t e d  r e c t a n g u l a r  
p l a t e  u n i f o r m l y  c o m p r e s s e d  i n  o n e  d i r e c t i o n  i s  g i v e n  by
(3 9 > a s ,T im o sh en k o  and  G ere
k n 2 E
cr ‘  1 2 (1 -
( 4 - 1 )
U n s y m m e t r i c a l  D e f o r m a t i o n  (b) S y m m e t r i c a l  D e f o r m a t i o n
( f o r  s q u a re  p l a t e s  k = 4 . 0 )
5  9
F i g .
(a) 1 x 1
3x3 e l e m e n t s 4x4 e l e m e n t s
4 -3  F i n i t e  E l e m e n t  M ode ls  f o r  a S im p ly  S u p p o r t e d  
S q u a r e  P l a t e .
e l e m e n t
A z
a = 10  i n .
E = 1 0 6 p s i
Y 2x 2 e l e m e n t s  
a -------
C o m p a r i s o n  b e t w e e n  t h e  f i n i t e  e l e m e n t  r e s u l t s  an d  t h e  
e x a c t  s o l u t i o n  i s  g i v e n  i n  T a b l e  4 - 1 .
M e s h  s i z e F i n i t e  e l e m e n t
s o l u t i o n s ^  p s i
Kapprox.
^approx
^ e x a c t
1 x 1 2 8 8 * 5 5 3*193 0 * 7 9 8
2 x 2 3 3 9 * 4 5 3 7 5 6 0 * 9 3 9
3 x 3 3 5 2 * 8 0 3 - 9 0 3 0 * 9 7 6
4 x 4 3 5 6 * 0 0 3*939 0 * 9 8 5
T a b l e  4 - 1  F i n i t e  E l e m e n t  S o l u t i o n s  f o r  a  S im p ly  S u p p o r t e d  S q u a r e  
P l a t e  U n i f o r m l y  C o m p re sse d  in* One D i r e c t i o n  
( ( c f c r ) eXa c t  = 3 6 1 .5 2 4  p s i ) . .
F i g .  4 - 5  i l l u s t r a t e s  t h e  c o n v e r g e n c e  o f  t h e  f i n i t e  
e l e m e n t  s o l u t i o n  w i t h  t h e  r e d u c t i o n  i n  t h e  mesh s i z e .
F o l l o w i n g  t h e  i t e r a t i v e  p r o c e d u r e ,  d e s c r i b e d  i n  s e c t i o n  3 . 6 ,  
t h e  b u c k l i n g  mode was d e t e r m i n e d .  F i g .  4 -4  shows a  t y p i c a l  
b u c k l i n g  mode o b t a i n e d  f o r  m o d e l  (C) i n  F i g .  4 - 3 .
F i g .  4 -4  B u c k l i n g  Mode o f  a S q u a r e  P l a t e  (3x3 E l e m e n t s ,  
F i g .  4 - 3 ) .
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A p e r f e c t  f l a t  p l a t e ,  e x h i b i t s  a s t a b l e - s y m m e t r i c a l  p o i n t  
o f  b i f u r c a t i o n ,  a fo r m  o f  w h ic h  i s  shown i n  F i g .  3 - 2 .  H e n c e ,  
t h e  p r e s e n c e  o f  any  i n i t i a l  i m p e r f e c t i o n s  s h o u l d  i n d u c e  a 
b e h a v i o u r  s i m i l a r  t o  t h a t  shown i n  F i g .  3 - 3 .  I n i t i a l  
i m p e r f e c t i o n s  w e r e  i n c o r p o r a t e d  i n  t h e  f i n i t e  e l e m e n t  m o d e l s  
i n  t h e  fo r m  o f  a s m a l l  l a t e r a l  l o a d  a c t i n g  a t  t h e  c e n t r e  o f  
t h e  p l a t e .  F i g .  4 -6  shows t h e  b e h a v i o u r  o f  t h e  s q u a r e  p l a t e  
u n d e r  v a r i o u s  d e g r e e s  o f  i m p e r f e c t i o n s .  As a n t i c i p a t e d ,  t h e  
d e f o r m a t i o n s  g r e a t l y  i n c r e a s e  a s  t h e  c r i t i c a l  l o a d  l e v e l  i s  
a p p r o a c h e d .
4 . 2 . 2  R e c t a n g u l a r  P l a t e s  U n i f o r m l y  C o m p re s s e d  i n  One D i r e c t i o n  
( y  =  2 )
The i n s t a b i l i t y  a n a l y s i s  o f  a f l a t  r e c t a n g u l a r  p l a t e ,  
s i m p l y  s u p p o r t e d  a l o n g  t h e  l o a d e d  e d g e s ,  x = 0 an d  x = a ,  
an d  w i t h  v a r y i n g  b o u n d a r y  c o n d i t i o n s  a l o n g  t h e  o t h e r  two 
e d g e s ,  h a s  b e e n  i n v e s t i g a t e d  u s i n g  t h e  f i n i t e  e l e m e n t  m o d e l  
shown i n  F i g .  4 - 7 .t
b/ 2
a / 4
F i g .  4 -7  . F i n i t e  E l e m e n t  Model  f o r  a R e c t a n g u l a r  P l a t e
6(a=20 i n . ,  b==10 i n . ,  t==0.1 i n . ,  E=10 p s i ,  z*=0. 3) . •
T a b l e  4 -2  g i v e s  t h e  f i n i t e  e l e m e n t  r e s u l t s  c o m p a r e d  t o
(39)t h e  e x a c t  s o l u t i o n  a s  g i v e n  by  T im oshenko  a n d  G ere  . No 
a t t e m p t  was  made t o  s t u d y  t h e  e f f e c t s  o f  r e d u c i n g  t h e  mesh 
s i z e  o f  t h e  m ode l  s i n c e  t h e  o b j e c t  o f  t h i s  e x e r c i s e  was t o  
d e m o n s t r a t e  t h e  f l e x i b i l i t y  o f  t h e  f i n i t e  e l e m e n t  m e th o d  i n  - 
s u c h  a n a l y s e s .  F i g .  4 - 8  i l l u s t r a t e s  t h e  b u c k l i n g ,  mode o f  t h e  
p a r t i c u l a r  c a s e  w h e r e  a l l  f o u r  s i d e s  a r e  s i m p l y  s u p p o r t e d .
* v /;-.• J: \ •>’-.■**uV *•■ : -Vi'
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B o u n d c i r ^
c o n d i t i o n
F i n i t e  e l e m e n t  
s o l u t i o n s ;
< ^ r  p s i
K  4 - 1 ) ^  a p p r o x
^ a p p r o x K e x a c t ^ e x a c t
Y = 0 Y = b
0
s s S S 2 9 1 * 0 0 3 * 2 2 0 4 * 0 0 0 0 * 8 0 5
s s F r e e 5 9 * 6 0 0 * 6 5 9 0 * 6 9 8 0 * 9 4 5
F i x e d F r e e 1 1 5 * 2 0 1 * 2 7 5 1 * 3 8 0 0 * 9 2 4
T a b l e  4 -2  F i n i t e  E l e m e n t  S o l u t i o n s  f o r  a R e c t a n g u l a r  P l a t e
U n i f o r m l y  C o m p re s s e d  i n  One D i r e c t i o n  ( a s p e c t  r a t i o - 2 )
x=0 , x=a s i m p l y  s u p p o r t e d  
© S . S .  = s i m p l e  s u p p o r t  5
4 . 2 . 3  R e c t a n g u l a r  S t r i p  U n i f o r m l y  C o m p re sse d  i n  One D i r e c t i o n
± L x L i 2i  ' • ‘
As an  e x t e n s i o n  t o  t h e  w ork  r e p o r t e d  i n  t h e  p r e v i o u s  
s e c t i o n ,  t h e  i n s t a b i l i t y  a n a l y s i s  o f  a r e c t a n g u l a r  s t r i p  
( a s p e c t  r a t i o  o f  1 0 ) ,  s i m p l y  s u p p o r t e d  a l o n g  t h e  two l o a d e d  
e d g e s  and  f r e e  a l o n g  t h e  o t h e r  two b o u n d a r i e s ,  was  e x a m i n e d '  
w i t h  t h e  u s e  o f  t h e  f i n i t e  e l e m e n t  m o d e l s  shown i n  F i g .  4 - 9 .
C o m p a r i s o n  b e t w e e n  t h e  f i n i t e  e l e m e n t  s o l u t i o n s  an d  t h e  
e x a c t  o n e ,  c a l c u l a t e d  by  t r e a t i n g  t h e  f l a t  s t r i p  as- a  h i n g e d  
s t r u t ,  i s  g i v e n  i n  T a b l e  4 - 3 .
M o d e l F i n i t e  e l e m e n t  
s o l u t i o n s ;  i^r l b s .
p  *  
‘ a p p r o x  !
^ e x a c t
A 1 2 0 * 0 5 1 . 2 1  6
B 9 9 * 8 0 1 . 0 1 1
C 9 9 . 1 8 1 . 0 0 5
D 9 8 * 5 2 0 * 9 9 8
E 9  9 * 8 0 1 . 0 1 1  -
F 9 8 - 5 2 0 - 9 9 8
2 „  
ri  E l  ..
^  ^exact 9
c r
9 8 * 6 9 6  l b s
T a b l e  4 -3  F i n i t e  E l e m e n t  S o l u t i o n s  f o r  a  R e c t a n g u l a r  S t r i p  
( a s p e c t  r a t i o  1 0 ) .. *_ ••+.*•
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A s t u d y  was c a r r i e d  o u t ,  u s i n g  m ode l  (C) i n  F i g .  4 - 9 ,  
t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  t h e  r e l a t i v e  p o s i t i o n i n g s  o f  
t h e  s t a r t i n g  l o a d  l e v e l ,  i n  t h e  i t e r a t i v e  t e c h n i q u e  d e s c r i b e d  
i n  s e c t i o n  3 . 5 ,  t o  t h e  f i n a l  c o n v e r g e d  s o l u t i o n .  F i g .  4 - 1 0  
i l l u s t r a t e s  t h e  r e s u l t s '  o f  t h i s  s t u d y .
To s i m u l a t e  i n i t i a l  l o a d i n g  i m p e r f e c t i o n s ,  t w o . s m a l l  
l a t e r a l  l o a d s  w e r e  a p p l i e d  t o  t h e  p l a t e  a t  t h e - n o d a l  p o i n t s  
A and  B i n  F i g .  4 - 9 c .  As a n t i c i p a t e d ,  t h e  r e s u l t s  o f  t h i s  
a n a l y s i s ,  p r e s e n t e d  i n  F i g .  4 - 1 1 ,  r e s e m b l e d  t h o s e  o b t a i n e d  
f o r  a  s i m p l y  s u p p o r t e d  p l a t e ,  F i g .  4 - 6 .  •
4 . 3  The I n s t a b i l i t y  o f  C u rv e d  S h e e t  P a n e l s
The  i n s t a b i l i t y  a n a l y s i s  o f  c u r v e d  s h e e t  p a n e l s ,  f o r m i n g  
a s e g m e n t  o f  a .  s h a l l o w  c y l i n d r i c a l  s h e l l ,  F ig . .  4 - 1 2 ,  s i m p l y  
s u p p o r t e d  a l o n g  t h e  f o u r  e d g e s ,  was  i n v e s t i g a t e d .  The  
c r o s s - s e c t i o n a l  d i m e n s i o n s  o f  t h e  p a n e l  a r e  m e a n t  t o  r e p r e s e n t  
t h e  c u r v e d  f l a n g e s  o f  t h e  t e s t e d  box  u n i t s  shown i n  
F i g .  App 2 - 1  .
The t h e o r e t i c a l  i n s t a b i l i t y  a n a l y s i s  b a s e d  on  s h e l l  
(39)t h e o r i e s  y i e l d s  t h e  f o l l o w i n g  e q u a t i o n s ,  t o  b e  u s e d  i n
c a l c u l a t i n g  t h e  c r i t i c a l  b u c k l i n g  s t r e s s  o f  such  p a n e l s ,
7 0
i g  . . . .  -  ( 4 - 2 )^ R - 2 N l 2 l f c 7 )
then, <jo _  j _t-----   (4-3)
R W 3 ( 1 - + ' 2 )
=  b u c k l i n g  s t r e s s  o f  c y l i n d e r s  u n d e r  a x i a l  * : * „
e l s e .  5 ? ^ c o m p r e s s i o n .
cr  =  n E t  + e £   (4. 4)
cr 3 ( 1 - ^  ) (y^R) T r
w h e r e  t h e  f i r s t  p a r t  o f  t h e  e q u a t i o n  d e f i n e s  t h e  b u c k l i n g  
s t r e s s  o f  a- f l a t  p l a t e  u n d e r  a x i a l  c o m p r e s s i o n ?  t h e  s e c o n d  
p a r t ,  y / r f T  '  r e p r e s e n t s  t h e  i n c r e a s e  i n  s t i f f n e s s  d u e  t o  
t h e  c u r v a t u r e  o f  t h e  p a n e l .  .
I t  i s  a s s u m e d  t h a t  t h e  p r e s e n t  m ode l  h a s  t h e  f o l l o w i n g  
p r o p e r t i e s :  . . .
3 = ^  ; R = 6 . 3 4 3 8  i n .  ; t  = 0 . 0 6 2 5  i n .  ; L -  12 i n . ;
fiModulus  o f  e l a s t i c i t y  = 0 . 4 0 8 5  x  10 p s i .  ;
P o i s s o n s  r a t i o  = 0 . 3 5  .
W i th  s u c h  g e o m e t r i c a l  an d  m e c h a n i c a l  p r o p e r t i e s ,  t h e  
c r i t i c a l  b u c k l i n g  s t r e s s  f o r  t h e  p a n e l  i s  t h a t  g i v e n  by  
e q u a t i o n  4 - 3 ,  y i e l d i n g  a  v a l u e  o f  2 4 8 0 .4 9 5  l b s  p e r  s q . i n .
(P -  5 1 4 .9 5  l b s . )  f o r  t h e  t h e o r e t i c a l  b u c k l i n g  s t r e s s .CI* \
The i d e a l i z e d  f i n i t e  e l e m e n t  m o d e l s  a r e  shown i n  F i g .  4 - 1 3 ,
I t  i s  a ssu m ed  t h a t  t h e  p a n e l  d i s p l a y s  a  s y m m e t r i c a l  b e h a v i o u r ,
i . e .  d e f o r m a t i o n s ,  and  h e n c e  o n l y  one  q u a r t e r  o f  t h e  p a n e l  
was c o n s i d e r e d .
The  f i n i t e  e l e m e n t  s o l u t i o n s  a r e  g i v e n  i n  T a b l e  4 - 4 .
F i g .  4 -1 4  shows t h e s e  r e s u l t s  i n  a g r a p h i c a l  r e p r e s e n t a t i o n  
i l l u s t r a t i n g  t h e  e f f e c t s  o f  t h e  s o - c a l l e d  i d e a l i z a t i o n  e r r o r s  
( s e c t i o n  2 . 2 ) on t h e  c o n v e r g e d  s o l u t i o n .
7 1
Z
i
• a
b
A  a / b  = 0 - 9 0 6 .
i-----
a
b •
I
B  a / b  =  1 - 0 3 3  '
b
-----
C  a / b  = 1 . 0 8 4
F i g .  4 -1 3  F i n i t e  E l e m e n t  M ode ls  (shown i n  d e v e l o p e d - p l a n s )  .
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7 3
The l o n g i t u d i n a l  s t r e s s  d i s t r i b u t i o n ,  o  ,  t h r o u g h o u t  
t h e  p a n e l ,  p r i o r  t o  b u c k l i n g  a r e  shown i n  F i g s .  4 -1 5  . . .  4 - 1 7 .
F i g .  4 -1 8  p r e s e n t s  a  b u c k l i n g  mode f o r  m o d e l  ( C ) ,
F i g .  4 - 1 3 ,  s u p e r i m p o s e d  on t h e  p l o t s  s h o w in g  t h e  g r o w t h  o f  
d e f o r m a t i o n s ,  a l o n g  t h e  c e n t r a l  l i n e  and  a x i s  o f  sym m etry  
A l - A l  ( F i g .  4 -13K ,  p r i o r  t o  b u c k l i n g .
M o d e l  *
Jy
F i n i t e  e l e m e n t  v  
s o l u t i o n s ;  <^r p s i
/ ( T a p p r o x  \  
V e x a c t  / Cr
A 6 1 0 - 6 2 5 0 - 2 4 6
B 1 9 7 1 - 6 4 3 0 - 7 9 5
C 2 2 8 5 - 8 3 3 0 - 9 2 2
T a b l e  4 -4  F i n i t e  E l e m e n t  S o l u t i o n s  f o r  a C u r v e d  S h e e t  P a n e l ,  
w i t h  r e f e r e n c e  t o  F i g s .  4 - 1 5 ,  - 1 6  and  -1 7
» 0e x a c t  c r  = 2 4 8 0 - 495 p s i
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S t r u c t u r a l  s y s t e m s  f o r m e d  a s  a s s e m b l a g e s  o f  f l a t  p l a t e  
e l e m e n t s  h a v e  b e e n  o f  g r e a t  i n t e r e s t  t o  e n g i n e e r s  ow ing  t o  
t h e i r  v e r s a t i l i t y  i n  a d a p t i n g  t h e m s e l v e s  t o  v a r i o u s  e n g i n e e r i n g  
f o r m s  o f  c o n s t r u c t i o n .  The  p a r t i c u l a r  c a s e  o f  b o x  s e c t i o n s  
i s  o f  s p e c i a l  i n t e r e s t  d u e  t o  t h e  w id e  u s e  o f  s u c h  s t r u c t u r a l  
s e c t i o n s ,  e s p e c i a l l y  i n  t h e  f i e l d  o f  b r i d g e  e n g i n e e r i n g  
w h e r e  b o x  g i r d e r  b r i d g e s  h a v e  a t t r a c t e d  t h e  a t t e n t i o n  o f  
a l a r g e  n u m b e r . o f  s t r u c t u r a l  an d  b r i d g e  d e s i g n e r s .
The p r o b a b l e  f a i l u r e  c r i t e r i o n  f o r  t h e s e  h i g h l y  e f f i c i e n t  
s t r u c t u r a l  fo r m s  i s  o f  i n s t a b i l i t y .  A l t h o u g h  i n d i v i d u a l  
c o m p o n e n t s ,  i n  i s o l a t i o n ,  may b e  f o u n d  t o  b e  s t a b l e ,  t h e  
g u a r a n t e e  o f  t h e  o v e r a l l  s t a b i l i t y  c a n  o n l y  b e  o b t a i n e d  i f  
t h e  i n t e r a c t i o n  o f  t h e  c o m p o n e n t s  i s  n o t  r e t r o g r a d e .  .
The  c l a s s i c a l  a s s u m p t i o n s  r e g a r d i n g  t h i n - w a l l e d  s t r u c t u r e s ,  
when s u b m i t t e d  t o  e n d  c o m p r e s s i o n ,  c a n  be  summed up a s  
f o l l o w s  ^  :
1 .  The common l o n g i t u d i n a l  e d g e s  o f  t h e  p l a t e  e l e m e n t s  
r e m a i n  s t r a i g h t ;
2 .  The a n g l e s  b e t w e e n  t h e  a d j a c e n t .p l a t e  e l e m e n t s  r e m a i n  
c o n s t a n t  d u r i n g  b u c k l i n g ;
3 .  The num ber  o f  b u c k l e s ,  w h ic h  o c c u r s  i n  a l l  p l a t e  
e l e m e n t s  s i m u l t a n e o u s l y ,  i s  t h e  sam e .
I n  e f f e c t ,  t h e s e  a s s u m p t i o n s  s i m u l a t e  s u p p o r t  c o n d i t i o n  
a l o n g  t h e  common l o n g i t u d i n a l  e d g e s  o f  t h e  p l a t e  e l e m e n t s  
and  t h a t  t h e  b u c k l i n g  l o a d  o f  t h e  w h o le  s e c t i o n  i s  g o v e r n e d  
by  t h a t  o f  t h e  i n d i v i d u a l  p l a t e  e l e m e n t s .  B as e d  on  t h e s e  
a s s u m p t i o n s ,  F i g .  4 - 1 9 a  shows t h e  c l a s s i c a l  b u c k l e d  fo r m  o f  
a s q u a r e  box  s e c t i o n  w h i l s t  F i g .  4 - 1 9 b  shows t h e  g o v e r n i n g  
p l a t e  e l e m e n t .
4 .4  The I n s t a b i l i t y  o f  T h i n - W a l l e d  Box S e c t io n s
7 8  :
O '
-—£L
a .  B u c k l e d  C o n f i g u r a t i o n  b .  P l a t e  e l e m e n t  
• (No t o r s i o n a l  b u c k l i n g )
F i g .  4 -1 9  S q u a r e  Box S e c t i o n  U nder  A x i a l  C o m p r e s s i o n
A l t h o u g h  s u c h  a s s u m p t i o n s  h a v e  g i v e n  p l a u s i b l e  r e s u l t s  . 
f o r  a  num ber  o f  c a s e s ,  i n c l u d i n g  s q u a r e  and  r e c t a n g u l a r  b o x  
s e c t i o n s ,  o n e  s h o u l d  n o t  g e n e r a l i z e  t h e  v a l i d i t y  o f  s u c h  
a s s u m p t i o n s  t o  e v e r y  t h i n - w a l l e d  s t r u c t u r e .  Two p a r t i c u l a r  
c a s e s  a r e  s t u d i e d  h e r e .  The  c a s e  o f  t h i n - w a l l e d  b o x  s e c t i o n  
i s  i n v e s t i g a t e d  i n  t h i s  s e c t i o n  and  t h a t  o f  a  c a n t i l e v e r e d  
b o x  g i r d e r  i n  s e c t i o n  4 . 6 .
The l o c a l  b u c k l i n g  b e h a v i o u r  o f  a b o x  s e c t i o n ,  f o r m e d  
a s  a n  a s s e m b l a g e  o f  f l a t  p l a t e s  ( c o n s t i t u t i n g  t h e  webs)  an d  
c u r v e d  s h e e t  p a n e l s  ( c o n s t i t u t i n g  t h e  f l a n g e s ) ,  F i g .  App 2 - 1 ,  
was  e x a m i n e d  by t h e  f i n i t e  e l e m e n t  m e th o d  o f  a n a l y s i s  w h e r e  
no a s s u m p t i o n s  w e r e  made r e g a r d i n g  t h e  b e h a v i o u r  o f  t h e  
l o n g i t u d i n a l  e d g e s .  The  s t u d y  was s u p p l e m e n t e d  by  an  
e x p e r i m e n t a l  p rogram m e w h i c h  i s  r e p o r t e d  i n  t h e  n e x t  c h a p t e r .
A l t h o u g h  s u c h  b o x  s e c t i o n s  c a n  d i s p l a y  e i t h e r  s y m m e t r i c a l  
o r  u n s y m m e t r i c a i  f o r m  o f  b e h a v i o u r ,  sym m etry  h a s  b e e n  c o n s i d e r e d  
i n  b u i l d i n g  up t h e  f i n i t e  e l e m e n t  m o d e l s  shown i n  F i g .  4 - 2 0 .
The  a c c u r a c y  o f  s u c h  m o d e l s  c a n  b e  d e d u c e d  f r o m  t h e  r e s u l t s  
o b t a i n e d  f o r  b o t h  f l a t  p l a t e s  an d  c u r v e d  s h e e t  p a n e l s  w i t h  
s i m i l a r  m e sh e s  ( F i g s .  4 -3  an d  4 - 1 3 ) .  T h e r e  t h e  a c c u r a c y  o f -  
s o l u t i o n s  was f o u n d  t o  b e  i n  t h e  r e g i o n  o f  80% a n d  a m e l i o r a t i n g  
w i t h  f i n e r  m e s h e s .  H e n c e ,  on e  may e x p e c t  s i m i l a r  d e g r e e  o f  - 
a c c u r a c y  w i t h  t h e  m o d e l s  shown i n  F i g .  4-i20.
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The c r i t i c a l  l o a d  l e v e l s ,  a s  o b t a i n e d  f ro m  t h e  f i n i t e  
e l e m e n t  a n a l y s e s ,  a r e  t a b u l a t e d  i n  T a b l e  4 - 5 ;  a c o m p a r i s o n  
w i t h  th e ' e x a c t  t h e o r e t i c a l  b u c k l i n g  l o a d s  f o r  s i m p l y  s u p p o r t e d  
r e c t a n g u l a r  p l a t e s  a n d  c u r v e d  s h e e t  p a n e l s  a r e  i n c l u d e d * .
The s t r e s s  d i s t r i b u t i o n s , e v a l u a t e d  a t  l o a d  l e v e l s  n e i g h b o u r i n g  
t h e  c r i t i c a l  o n e s ,  a r e  g i v e n  i n  F i g .  4—2 i . . .  4 - 2 5 .
^ e x a c t ^  ( ps i )
p l a t e s ,  2 6 3 2 . 5 0 0  
c y l i  s h e l l s  2 4  8 0 - 4 9 5
T a b l e  4 -5  F i n i t e  E l e m e n t  S o l u t i o n s  f o r  a  Box S e c t i o n *
F i g s .  4 - 2 6  . . .  4-..29 show t h e  d e t e r m i n e d  b u c k l i n g  modes 
o f  t h e  b o x  s e c t i o n s  s u p e r i m p o s e d  on p l o t s  sh o w in g  t h e  
d i s p l a c e m e n t + g r o w t h s  p r i o r  t o  b u c k l i n g .
A c o m p a r i s o n  b e t w e e n  t h i s  a n a l y t i c a l  s t u d y  an d  t h e  
e x p e r i m e n t a l  r e s u l t s  i s  d raw n  i n  t h e  n e x t  c h a p t e r  ( s e c t i o n  5 . 5  ) .
4 . 5  D i s c u s s i o n  .
R e s u l t s  h a v e  shown t h a t  t h e  f i n i t e  e l e m e n t  m e th o d  o f  
a n a l y s i s ,  t o g e t h e r  w i t h  t h e  n o n - l i n e a r  i t e r a t i v e  t e c h n i q u e s ,  
d i s c u s s e d  i n  t h e  e a r l i e r  c h a p t e r s ,  c a n  b e  u s e d  s u c c e s s f u l l y  
t o  i n v e s t i g a t e  n o n - l i n e a r  p r o b l e m s  o f  i n s t a b i l i t y .
The c o n v e r g e n c e  o f  t h e  s o l u t i o n s  w i t h  r e s p e c t  t o  t h e
(15)mesh  s i z e  i s  i n  a g r e e m e n t  w i t h  t h e  f i n d i n g s  o f  K apur  a n d  H a r t z
* The  e f f e c t s  o f  t h e  e n d s  b o u n d a r y  c o n d i t i o n s  a r e  n o t  c o n s i d e r e d
ow ing  t o  t h e  f a c t  t h a t  s u c h  e f f e c t s  e x t e n d  o n l y  t o  a d i s t a n c e
e q u a l  t o  t h e  w i d t h  o f  t h e  f l a t  p l a t e ,  a s  i n  t h e  c a s e  o f
p l a t e  e l e m e n t s ,  an d  t o  a d i s t a n c e  e q u a l  t o  \ [ r \ t , a s  i n  t h e
(7)c a s e  p f  c u r v e d  p a n e l s  .
M o d e l
F i n i t e  e l e m e n t  
s o l u t i o n s ;
P S I -
( j jV ^ x a c t  / c r
c y l - s h e l l s p l a  t e s
A 1 9 9 2 * 0 0 0 - 8 0 3 0 - 7 5 7
B 1 8 0 3 - 9 5 0 - 7 2 7 0 6 8 5
C 1 9 6 1  • 4 0 0 - 7 9 1 0 - 7 4 5
D  ' 1 7 0 4  0 0 0 - 6 8 7 0 - 6 4 7
E 1 6 9 1 . 0 0 0 - 6 8 2 0 - 6 4 2
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F i g .
growth of deformations
prior to buckling (10 S ).
buckling mode (/0"rS ).
£
(A)
( B)
a .  Model  ( A ) , F i g .  4 - 2 0
P= 120 lbs. 
P =240
 P = 270
b .  Model (B).> F i g .  4 - 2 0  --------- - P *  270
■26 B e h a v i o u r  o f  a 6 i n .  Box S e c t i o n  U nder  A x i a l  
C o m p r e s s i o n .
h i .  C e n t r e  l i n e  o f  th e . c u r v e d  f l a n g e ,
B. C e n t r e  l i n e  o f  t h e  f l a t  web.
growth of deformations 
prior to buckling (10~2k>)
buckling m o d e  (10 5j. 
(A)
% (in)
—  P  = 120 lbs
—  P= 240
~ P =  270
F i g .  4 -2 7  B e h a v i o u r  o f  a 9 i n .  Box S e c t i o n  U nder  A x i a l  
C o m p r e s s i o n  (Model C, F i g ,  4 - 2 0 ) .
A. C e n t r e  l i n e  o f  t h e  c u r v e d  f l a n g e ,
B. C e n t r e  l i n e  o f  t h e  f l a t  web.
8 8
F i g .  4 -2 8  B e h a v i o u r  o f  a 12 i n .  Box S e c t i o n  U nder  A x i a l  
C o m p r e s s i o n  (Model D, F i g .  4 -2 0 )  .
A, C e n t r e  l i n e  o f  t h e  c u r v e d  f l a n g e .
B. C e n t r e  l i n e  o f  t h e  f l a t  web.
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F i g s .  4 -4  an d  4 - 1 4  show t h a t  c o n v e r g e n c e  t o  t h e  f i n a l  s o l u t i o n ,  
b u c k l i n g  l o a d ,  was  f r o m  b e l o w  r a t h e r  t h a n  f ro m  a b o v e  a s  
e x p e c t e d  w i t h  d i s p l a c e m e n t  f u n c t i o n s .  The e x p l a n a t i o n  o f  
t h i s  b e h a v i o u r  was d i s c u s s e d  e a r l i e r  i n  s e c t i o n  3 . 2 . 2 .
The r e s u l t s  o f  t h e  a n a l y t i c a l  s t u d y  on t h e  e f f e c t s  o f  
i n i t i a l  i m p e r f e c t i o n s  on  t h e  b e h a v i o u r  o f  f l a t  p l a t e s ,  f o r  
e x a m p le  ( F i g s .  4 -6  a n d  4 - 1 1 ) ,  a r e  i n  a g r e e m e n t  w i t h  t h e  
d i s c u s s i o n  g i v e n  i n  s e c t i o n  3 . 3  an d  shown d i a g r a m a t i c a l l y  
i n  F i g .  3 - 3 .
The i t e r a t i v e  t e c h n i q u e  s u g g e s t e d  f o r  d e t e r m i n i n g  t h e  
b u c k l i n g  mode y i e l d s  r e a s o n a b l e  r e s u l t s  e s p e c i a l l y  when 
co m p ared  t o  t h e  w e l l  e s t a b l i s h e d  b u c k l i n g  modes o f  f l a t  
p l a t e s  and  c y l i n d r i c a l  s h e l l s  u n d e r  a x i a l  c o m p r e s s i o n .  I t  
h a s  t o  b e  re m e m b ered  t h a t  t h e  e l e m e n t s  o f  t h e  e i g e n v e c t o r ,  
a s  o b t a i n e d  by  t h e  s u g g e s t e d  i t e r a t i v e  t e c h n i q u e ,  ( s e c t i o n  3 . 6 )  
r e p r e s e n t  t h e  b u c k l e d  c o n f i g u r a t i o n  t o  an  u n d e t e r m i n e d  s c a l e .
A d i s c u s s i o n  on t h e  i n s t a b i l i t y  a n a l y s i s  o f  t h i n - w a l l e d  
b o x  s e c t i o n s  i s  g i v e n  i n  c h a p t e r  6 .
4 . 6  The I n s t a b i l i t y  o f  C a n t i l e v e r e d  Box G i r d e r s
A l t h o u g h  s u c h  s t r u c t u r a l  f o r m s  h a v e  b e e n  a d o p t e d  by  a 
l a r g e  number  o f  b r i d g e  e n g i n e e r s ,  a s  i n  some e r e c t i o n  p r o c e d u r e  
i n  t h e  c o n s t r u c t i o n  o f  l o n g  s p a n  box  g i r d e r  b r i d g e s ,  l i t t l e  
work  h a s  b e e n  d o n e  t o  s t u d y  t h e  g l o b a l  s t a b i l i t y  o f  t h e  b o x  
s t r u c t u r e .  P a s t  e x p e r i e n c e  h a s  i n d i c a t e d  t h a t  s t r u c t u r e s  
w h i c h  a r e  a s s e m b l a g e s -  o f  t h i n  p l a t e  e l e m e n t s  b e g i n  t o  a d o p t  
t h e  f o r m  o f  t h i n  s h e l l  s t r u c t u r e s  and  a s  s u c h  may i n h e r i t  t h e  
u n d e s i r a b l e  b u c k l i n g  c h a r a c t e r i s t i c s  o f  s u c h  c o n f i g u r a t i o n s  
( s e c t i o n  3 . 3 ) .  The  p r e s e n t  d e s i g n  p r o c e d u r e  o f  c h e c k i n g  t h e  
s t a b i l i t y  o f  i n d i v i d u a l  p l a t e  e l e m e n t s  a n d  s t i f f e n e d  p a n e l s  
i s ,  t h e r e f o r e ,  i n a d e q u a t e  a n d  a f i n a l  c h e c k  s h o u l d  be  made 
o f  t h e  g l o b a l  s t a b i l i t y  o f  t h e  b o x  s t r u c t u r e .
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The i n a d e q u a c y  o f  t h e  p r e s e n t  d e s i g n  p r o c e d u r e  came t o  
l i g h t  f o l l o w i n g  t h e  r e c e n t  c o l l a p s e  o f  t h e  M i l f o r d  Haven 
b r i d g e  i n  G r e a t  B r i t a i n ,  t h e  K o b le n z  b r i d g e  o v e r  t h e  R h e i n ,  
an d  t h e  Lower Y a r r a  b r i d g e  i n  A u s t r a l i a  an d  t h e  p a r t i a l  
c o l l a p s e  o f  t h e  F o u r t h  Danube  b r i d g e  i n  A u s t r i a ,  d u r i n g  
c o n s t r u c t i o n .  S t u d i e s  t o  e s t a b l i s h  t h e  c a u s e  o f  t h e s e  
f a i l u r e s  i n d i c a t e d  t h e  p r e s e n c e  o f  h i g h  w o r k i n g  s t r e s s  l e v e l s ,  
d u e  t o  a num ber  o f  i m p e r f e c t i o n s  d u r i n g  c o n s t r u c t i o n ,  w h ic h  
a b r o g a t e d  t h e  n o r m a l  f a c t o r  o f  s a f e t y .  T h e s e  w o r k i n g  s t r e s s e s  
w e r e  h i g h  e n o u g h  t o  c a u s e  l o c a l  b u c k l i n g  i n  some s t i f f e n e d  
p a n e l s .  Such l o c a l  i n s t a b i l i t y  c o n t r i b u t e d  t o  t h e  t o t a l  o r  
p a r t i a l  c o l l a p s e  o f  t h e  w h o le  b o x  g i r d e r s .
Such  i s  t h e  n e e d  f o r  a d e t a i l e d  s t u d y  o f  t h e  o v e r - a l l  
s t a b i l i t y  o f  c a n t i l e v e r e d  b o x  g i r d e r s .  The a u t h o r ' s  c o n t r i b u ­
t i o n ,  t h o u g h t  t o  b e  t h e  f i r s t  o f  i t s  k i n d ,  i s  p r e s e n t e d  i n  
t h i s  s e c t i o n  w h e r e  t h e  d e v e l o p e d  f i n i t e  e l e m e n t  p r o g r a m .
( s e c t i o n  3 . 7 )  i s  u s e d  f o r  t h e  n o n - l i n e a r  a n a l y s i s  o f  a 
c a n t i l e v e r e d  b o x  g i r d e r ,  w i t h  a n d . w i t h o u t  i n i t i a l  i m p e r f e c t i o n s .  
An i n t r o d u c t i o n  t o  s u c h  a  s t u d y  i s  g i v e n  i n  t h e  f o l l o w i n g  
two p a r a g r a p h s .
An i d e a l i z e d  b o x  i s  shown i n  F i g .  4 - 3 0 a .  The  l i v e  an d  
d e a d  l o a d s  o f  t h e  c a n t i l e v e r  c a n ,  f o r  t h i s  d i s c u s s i o n ,  b e  
r e p r e s e n t e d  by a g e n e r a l i z e d  l o a d i n g  s y s t e m ,  d e f in e d !  by  t h e  
p a r a m e t e r  A , F i g .  4 - 3 0  and  h e n c e ,  t h e  m o s t  h i g h l y  s t r e s s e d  
r e g i o n  w h ic h  i s  t h e  r e g i o n  o f  i n t e r e s t  o c c u r s  n e a r  t h e  e x t r e m e  
s u p p o r t * .  B u c k l i n g  o f  t h e  web p l a t e s  d o e s  n o t  n e c e s s a r i l y  
im p ly  c o l l a p s e  s i n c e  d i a g o n a l  t e n s i o n  f i e l d  a c t i o n  c a n  m a i n t a i n  
t h e  s t r u c t u r a l  i n t e g r i t y  o f  t h e s e  c o m p o n e n t s .  However an 
a s s o c i a t e d  o r  s u b s e q u e n t  i n s t a b i l i t y  o f  t h e  s u p p o r t  d i a p h r a g m  
an d  l o w e r  p l a t e  p r o d u c e s  a c o l l a p s e  s i t u a t i o n  a s  shown i n  
F i g .  4 - 3 0 b .  N o t i n g  t h a t  t h e  p r o p o s e d  b u c k l i n g  d e f o r m a t i o n  i s
* The  r e g i o n  o f  i n t e r e s t  c o u l d  e q u a l l y  w e l l  b e  a t  a s e c t i o n  
w h e r e  a b r u p t  c h a n g e s  i n  p l a t e  t h i c k n e s s e s  o c c u r .
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h i g h l y  l o c a l i z e d  we may, a s  a t e n t a t i v e  f i r s t  s t e p ,  o b t a i n
some i d e a  o f  t h e  t y p e  o f  i n s t a b i l i t y  by  c o n s i d e r i n g  a  s i m p l e
( 2 2 )e q u i v a l e n t  p i n - j o i n t e d  r i g i d - l i n k  m o d e l  '  , r e p r e s e n t i n g  
t h e  r e g i o n  of. i n t e r e s t ,  F i g .  4 - 3 1 .  •
Such m o d e l s  h a v e  b e e n  s u c c e s s f u l l y  u s e d  i n  t h e  p a s t  t o
i n d i c a t e  t h e  p o s t - b u c k l i n g  o f  c o lu m n s  and  i n d i v i d u a l  p l a t e s .
The b e n d i n g  s t i f f n e s s e s  o f  t h e  d i a p h r a g m  .and b o t t o m  f l a n g e
a r e  r e p r e s e n t e d  by  l i n e a r  a n g u l a r  s p r i n g s  and  t h e  a x i a l  l o a d
i n  t h e  b o t t o m  f l a n g e  i s  t a k e n  a s  b e i n g  p r o p o r t i o n a l  t o  t h e
a x i a l  l o a d  i n  t h e  d i a p h r a g m .  A n a l y s i s  o f  t h e  m o d e l  r e v e a l s
s t a b i l i t y  c h a r a c t e r i s t i c s  o f  t h e  s h e l l  t y p e  and  f u r t h e r
r e v e a l s  an  u n s t a b l e  p o s t - b u c k l i n g  e q u i l i b r i u m  p a t h .  H e n ce ,
any  i n i t i a l  i m p e r f e c t i o n  p r o d u c e s  a  l o a d i n g  c u r v e  w h ic h  r e a c h e s
a maximum l o a d  v a l u e  w e l l  b e lo w  t h e  c r i t i c a l  v a l u e  o f  t h e
p e r f e c t  m o d e l ,  F i g .  3 - 3 .  A d e t a i l e d  s t u d y  o f  m o d e l s  o f  t h i s
(22 )t y p e  was p e r f o r m e d  by  Nay ' .
A m ore  r e a l i s t i c  r e p r e s e n t a t i o n  o f  t h e  b o x  g i r d e r  i s  g i v e n  
by  t h e  f i n i t e  e l e m e n t  m o d e l  shown i n  F i g .  4 - 3 2 .  The m o d e l  
r e p r e s e n t s  one  h a l f  o f  a  r e c t a n g u l a r  c a n t i l e v e r  b o x  g i r d e r ,  
w i d t h  t o  d e p t h  r a t i o  o f  2 an d  l e n g t h  t o  d e p t h  r a t i o  o f  8 , 
w i t h  two end  d i a p h r a g m s .  A f i n e r  mesh was u s e d  n e a r  t h e  
s u p p o r t ,  t h e  r e g i o n  o f  i n t e r e s t ,  t o  y i e l d  b e t t e r  a p p r o x i m a t i o n s  
t o  t h e  f i n a l  s o l u t i o n s ,  b o t h  n o d a l  d i s p l a c e m e n t s  and  e l e m e n t s  
s t r e s s e s .  The a p p l i e d  l o a d  was  m e a n t  t o  d e s c r i b e  a . u n i f o r m  
l o a d  d i s t r i b u t e d  o v e r  t h e  t o p  f l a n g e  and  a s s u m e d  t o  b e  a c t i n g  
a l o n g  t h e  e d g e  B - B ' ,  F i g .  4 - 3 2 .  T h r o u g h o u t  t h i s  s t d d y ,  t h i s -  
l o a d i n g  s y s t e m  i s  d e f i n e d  by  a s i n g l e  p a r a m e t e r ,  A . The 
b o u n d a r y  c o n d i t i o n , ■ g i v e n  i n  F i g .  4-33.,  was m e a n t  t o  r e p r e s e n t  
t h a t  a t  t h e  r e g i o n ' o f  i n t e r e s t ,  shown i n  F i g .  4 - 3 0 .
T h u s ,  t h e  f i n i t e  e l e m e n t  s t u d y  c o r r e s p o n d e d  t o  o n e  s p e c i f i c  
c a n t i l e v e r e d  b o x  g i r d e r  w i t h  a p a r t i c u l a r  g e o m e t r i c  c o n f i g u r a t i o n ,  
l o a d i n g  s y s t e m  an d  b o u n d a r y  c o n d i t i o n .  Such  a  s t r u c t u r a l  s y s t e m  
i s  r e f e r r e d  t o ,  i n  t h i s  s t u d y ,  a s  t h e  a c t u a l  m o d e l* .
* The t e r m s  ' p e r f e c t 1 an d  ' i m p e r f e c t '  m o d e l s  c a n  b e  m i s l e a d i n g  
i n  s u c h  a s t u d y .
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The finite element analysis yields a bound to the 
critical load, A c r ' that induces some form of instability 
in such a model. The bound was found to be;
1 9 7 .2 lbs. < A cr < 198*8 lbs!,
Fig. 4-34 shows the longitudinal stiess distribution/
a. , throughout the box girder prior to the state of instability,
The deformations of the free-end with the increase in 
the load intensity and the overfall deformation of the bottom 
flange are shown in Figs. '4-3 5 and 4-3 6, respectively, The 
buckling mode was investigated and is shown in Figs, 4-37 and 
' 4-38*.
4 .6 .1  Initial Imperfections
Initial imperfections can be ah important factor in the
design of box girder bridges. Nay’s study on rigid-link
(22) • • model , described earlier in section 4.6/ showed that such
structures are highly sensitive to initial imperfections/
owing to the nature of their post-buckling equilibrium paths.
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Prior to the publication of the Merrison report, bridge 
designers used to refer to B.S. 153 for the design of box 
girder bridges, although the B.S. 153 is meant for plate 
girder and not box girder bridges. Hence, the recommendations - 
given in B.S. 153 were followed in choosing the different 
plate elements thicknesses without any separate study of 
the effects of initial imperfections*.
The Merrison report is more conservative in its recommen­
dations in the.design of box girder bridges. This is not 
surprising since the report is meant entirely for such bridges. 
And hence, more attention is given to the effects of initial 
imperfections.
In the present study, the effect of initial imperfections 
on the general and global behaviour of the cantilevered box,, 
as, described in the previous section, was investigated. The 
imperfections were in the form of initial applied moment 
acting at point (D*) •, Fig. 4-3 2 . The initial moment was 
applied as a function of the total root .moment, i.e.
^applied ~ a Mroot where a ranSed between 0.001 to 0.01, both 
in the positive arid negative directions. Fig. 4-39 illustrates 
the sensitivity of the cantilever to the.presence of this form 
of initial imperfections. The growth of deformations, prior 
to instability, of critical degrees of freedom,, as indicated 
by the computer program (section 3 .3 and 3 .7 ), for various 
degrees of imperfections, are shown in Figs. 4 -4 0 ... 4-4 4.
* B.S. 153 includes the effects;.of initial imperfections in 
the recommended allowable stresses for various cases.
+ Initial imperfections in the form of geometrical imperfections 
were studies but in these instances problems were experienced 
in that the basic iterative technique tended to ’lose* such 
imperfections en route to converegence. The use of equivalent 
load imperfections obviated this difficulty.
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4.6.2 Discussion 011 the Instability of Cantilevered Box Girders
A study of the general behaviour of the cantilever 
indicates that under load, the bottom flange tends to berid 
upwards at the root, Fig. 4- 3 6 , until a local maximum value 
in the load parameter a  . is reached and a snap situation* 
occurs. This snap situation is in the nature of most 
imperfect systems.
(22)The general stability theory and the findings of Nay ' 
predict sensitivity of such structural systems, cantilevered 
box girders, for a form of bifurcational type of instability. 
Hence, the application of any initial imperfections can have 
a major effect on the critical load levels. This is shown 
diagramaticall.y in Fig. 3-3 .
The present investigation indicates that for the 
particular box girder studied, with the assigned boundary 
condition, type of imperfections and their point of application 
some variations in the critical load level do occur. This 
sensitivity is illustrated in Fig. 4-39 by the shallow curve- 
representing the drop in the critical load with the increase - 
in the degrees of imperfections. More drastic effects on 
the critical load level could correspond to, perhaps, other 
types of boundary conditions, other types of load imperfections 
etc. This could be .an interesting topic for further research.
Fig. 4-39 indicates that the actual or so called perfect 
model exhibits a load-equilibrium configuration of the limit 
type. Application of initial moments at the root gives a 
family of curves, one of which displays a bifurcational form 
of instability.
. Such a behaviour is well established for flat plate 
instability analysis. This is demonstrated diagramatically 
in Fig. 4-4 5.
1 1 0
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(a)Perfect (b)Imperfect (c)Equilibrium (d)Load vs.
Paths Imperfections
Fig. 4-45 ' ’*
If one considers the plate shown in Fig. 4- 45b as that * 
of a perfect case, then the effect of any restraining moments 
tends to induce a membrane state of stress leading to 
bifurcational type of ‘instability.
(a) Equilibrium Paths (b) Load vs. Imperfections
Fig. 4-46
Going back to the cantilevered box where an unstable 
form of bifurcation is expected to arise, Fig. 4-39 can 
now be studied in the light of the preceding discussion. 
The classical form of an unstable symmetric point of 
bifurcation can be shown a s ,
7 f
perfect— ^  - imperfect
-*•
+  G
(a) Equilibrium Paths (b) Load'vs. Imperfections
Fig. 4-47
Similar structural systems but with some built-in 
initial imperfections can now be represented by the equilibrium 
path corresponding to the classical path' for an imperfect-- 
system. Ahd hehce, any applied imperfections acting against 
the initial imperfections can lead to a membrane state of 
stress, i.e. pushing the equilibrium path towards that of 
a classical perfect system, Fig. 4-4 8. -
A A
imperfect
—t- in i t ia l  
€ imperfection
(a) Equilibrium Paths
Fig. 4-48
(b) Load vs. Imperfections
The different plots showing the growth of deformation, 
prior to buckling, of some critical degrees of freedom, 
Figs. 4-40 ... 4- 4 4 , give some indication of the general
1 1 2
behaviour. But care should be taken:in interpreting such 
2-dimensional plots when considering the general behaviour 
of the whole structure in an n+1 dimensional space. Reference 
to Supple^3—  32)^ gUppie an(j chilver^33  ^ and Thompson^37  ^
can be made for more detailed exposition.
The problem of large initial imperfections is more 
complex than that of small imperfections. This is due, 
partly, to the fact that such imperfections can create a 
completely different structural system and hence, a complete 
change in the behaviour pattern. This might explain the rise 
in the critical load level, Fig. 4-3 9 , at higher degrees of 
imperfections. The effects of such imperfections on a 
'perfect' structural system is worth following and as such 
is recommended for future research work.
The foregoing discussion clearly shows that any 
imperfections-sensitivity of the shell-type may erode the 
apparent factors of safety assumed in ignorance of these 
effects.
Chapter 5
5 , 1  Introduction
An Experimental Study on the Local Instability of
Thin-Walled Box Sections
The versatility of the finite element method, when 
applied to problems of non-linear analysis, was demonstrated 
in the previous chapter where the method was applied to the 
local instability studies of various thin-walled structures.
One example of such structures was the thin-walled box 
section examined in section 4 .4 . There the box section, 
formed as assemblages of curved sheet panels and thin flat 
plates, was an idealized version of an actual box section,
Fig. App 2-1 ; the finite element idealization disregarded 
the protruding 'lips' of the actual box section.
The forementioned box ^ sections are commercially produced 
structural units, made of polyvinylchloride (a plastic 
material), which by virtue of their protruding lips can be 
interconnected to form multi-cell panels. .
A study on the mechanical properties of the plastic 
material was carried out and is reported in Appendix 2 .
As a result of this study, the following properties were 
determined:
Modulus of Elasticity ..
Maximum Tensile Strength
Poissons Ratio .........
5 .2  The Test Units
Tests were carried out on such box units, varying in 
lengths from 6 in. up to 56 in. (slenderness ratio 6 .2 7 - 5 8 .55) 
to study, experimentally, their local buckling behaviour when 
submitted to end compression. To secure uniform distribution
0 ,4 0 8 5 x 1 0  ^ psi 
7 5 4 0 .0 psi 
0 . 3 5
of the applied compressive load to the units cross-sections, . 
the boxes had their machined ends fixed to \  in. steel end- 
plates, ‘ Hence, the columns boundary condition was assumed 
to be approaching that of fixed end columns.
Interaction between local and overall Euler-type 
instability modes is possible in compressed thin-walled 
columns, if sufficiently long (3 8 ,4 6). The longer units 
were studied closely to detect the possible presence of 
such interaction. The findings of this study are discussed 
in section ,5 .4 .
5 .3 Test Procedure
The axial compressive load was applied through the Instron 
machine shown in Fig. 5-1 ; A test unit is centred on a
load cell, which is bolted to the base of the machine. The 
load is applied to the top end of the unit through the 
Instron's crosshead; the load cell reactive forces represent 
the load applied to the bottom end of the unit.
The intensity of the applied load was plotted against 
the shortening of the units on a chart plotter synchronized 
with the movement of the cross-head.
The lateral deformations of the test unit were, measured 
by means of mechanical dial gauges (0.0001 in. per division), 
mounted on a special rig enabling one to observe and measure, 
the deformations along the four sides of the box simultaneously. 
And thus, the deformations prior to buckling were recorded 
and so were the buckling modes.
5 .4 Comments and Experimental Results
The local buckling load of a test unit was taken as the 
load at which sizable surface waves first appeared along the 
curved sheet panels. Such an appearance was usually accompanied
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Fig. 5-1 A Typical Test Unit Under Axial Compression.
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by a 'banging sound'. This is in the nature of shell buckling 
owing to their non-linear behaviour^46/. At this load level 
the tested unit displayed a loss of energy which was 
demonstrated by a drop in the load intensity, as recorded 
on the chart plotter. Fig. 5-2 illustrates such a behaviour.
The shorter units (L 4  18 in.) tended to buckle into 
a definite configuration with a definite number of half 
wavelengths (buckles) and thus, with an increase in the 
applied load the same mode of deformation and the number of 
half wavelengths remained the same. On the other hand, 
longer units tended to buckle into a definite configuration 
with a certain number of half wavelengths, but.with an 
increase in the applied load, a second and, in some cases, 
a third mode of deformations was obtained (Figs. 5-11 to 5-14 ).
In general, the buckling patterns tended to approach a 
sinusoidal configuration as in the cases of flat plates and 
cylindrical shells under axial compression.
(31)Supple has investigated the mechanics of the change 
in buckle pattern in the post-buckling regime. The general 
conclusion being that changes are brought about by the non­
linear interaction of buckling modes. The local critical 
loads for long plate units are much closer together than 
those for short units and so one would expect changes of 
buckle form to be more probable for the longer units. As 
stated earlier, this was indeed observed. £ '
The tests were in agreement with the findings of Fung
(7 ) •and Sechler on the instability of thin elastic shells.
Fung and Sechler state ".... it is possible to buckle a
cylinder, stop the test, completely release the loading-and
let the cylinder return to an unstrained condition. Most
likely some visible marks of initial buckles will remain
on the cylinder. Now, upon reloading the cylinder, quite
often it is found that new buckles appear and develop at. •
places other than the old locations ...." . This behaviour
was noted in the work carried out in this thesis . Figs.5-11 to 5 -'4
demonstrate this agreement.
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Pattern Pattern
Interaction of Local and Over all 
Buckl ing
' ’ C
Fig. 5-2 Axial load vs- end-shortening 
of the test units-
1 1 8
Although.the local buckling stresses, as given in 
Table 5-1 ,. were lower than the Euler buckling stresses, 
calculated for fixed end columns, Fig. 5-19  
indicates the possible presence of an interaction between 
local and overall buckling. Such an iteraction is possible 
in the presence of some initial imperfections in, both, the 
structural components forming the box unit (local imperfections) 
and/or in the alignment of the column axis. Furthermore, 
the reduction in the stiffnesses of the columns due to local 
buckling can be, in some cases, high enough to induce an 
Euler type of instability. .
5 . 5  Experimental vs. Analytical Results
The results of the experimental study are tabulated in 
Table 5-1 . Based on the comparison for individual plates 
and curved panels, the mesh sizes used here in the finite 
element models were expected to yield solutions with, about 
8 0% degree of accuracy. However, owing to the perplexities 
surrounding a) the buckling behaviour of shell-type structures,
b) the boundary condition of the longitudinal edges of the 
flat plates and curved sheet panels, forming the box sections,
c) the effects of the protruding 'lips' which were not included 
in the finite element models, and dj the non-linear relation 
between buckling stresses and the elements thicknesses, it is, 
therefore, unwise to. endeavour into a direct comparison between 
the experimental and the analytical results, Nevertheless,
the finite element solutions, for the cases investigated, 
together with the corresponding experimental results are 
reproduced in Table 5-2 . Consequently, Table 5-2 should be 
viewed as a confirmation of what was discussed earlier in 
section 4 .4 regarding the care that must be taken in interpreting 
the local buckling stress of a whole section based on an 
instability study of the individual elements, forming the section.
It is worth noting that while the buckling formulae for 
flat plates can be used in calculating the buckling loads of 
box sections, formed from joining a number of flat plate
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elements, the introduction of curvature introduces the 
instability phenomenon which, by the general theory of 
elastic instability, introduces the concept of imperfection 
sensitivity which is closely related to its post-buckling 
behaviour^4 ' , Fig. 3-3 . Hence, more scatter'in the 
results is expected. This, as. Table 5 -1 shows, was indeed 
observed.
Furthermore, past experience has shown that for thin-walled 
columns with an ECiler+load much higher than the local buckling 
loads of the components forming the section, failure loads 
can be lower than the local buckling loads^4€^  . Hence, more 
scatter in the results.
Further to the forementioned discussion, one may include 
other factors on which buckling in general may depend, namely:
1 . The initial imperfections that make the behaviour 
of an actual column different from an ideal one:
. a. unavoidable eccentricity in the loading,
b. initial curvature of the column,
c. non-homogeneity of the material;
2 . The rigidity of the testing machine.
The experimental buckling modes of the box columns are 
shown in Fig. 5 - 1 1 to 5-14 whilst the analytical ones,
for the cases studied in section 4 .4 , are shown in Figs. 4-26
to 4 - 2 9  . Any comparison between the experimental and
theoretical modes should be studied in a qualitative form 
and not in a quantitative form. This follows from the nature 
of the iterative procedure suggested in section 3 .6 to determine 
the buckling modes of thin-walled structures, i.e. the mode 
amplitude has an undetermined multiplier. However, the general
forms of the b u d d i n g  modes observed in the experimental 
programme were predicted by the finite element theoretical 
analysis. In particular, we might refer to the large 
amplitude of deformation at the mid-length of the shorter 
specimens.
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T A B L E  5 -1  
E X P E R IM E N T A L  R E S U LTS
+
Specimen
Wall
thickness 
( in)
2
Area (in ) I  (in4)
LOCAL BUCKLING STRESS(psi)
Experimental Cyl- shells* theory.
Plates*
theory-
•
Euler’s
0-6-1 0-0575 0-72168 0-66015 2959-2 2.270*9 2054-3 409777
0-6-2 0-0568 0-71289 0-65211 2551-4 2243-2 • 2004-6
0-6-3 0-0512 0-64261 0-58782 2180-2 2022-1 16288
1-0-1 0.0566 0-71038 0-64982 2144-4 2235-3 1990-5 102445
1-0-2 0-0569 0-71415 0-65326 2227-9 2247-2 2011-6
1-0-3 , 0-0600 0*75305 0-68885 1894-5 2369-6 22368
1-6-1 0-0559 0-70159 0-64178 2113-7 2207-7 1941-5 45531
1-6-2 0-0563 0-70661 0-64637 2108-9 2223-5 1969-4
2-0-1 0-0513 0-64386 0-58897 2136-8 2026-0 1635-2 25612
2-0-2 0-0533 0-66896 0-61193 2252-1 2105-0 1765*1
2-0-3 0-0542 0-68026 0-62226 2093-2 2140-6 1825-3
3-0-1 0-0538 0-67523 0-61767 2099-9 2124-8 1798.4 11383
3-0-2 0-0542 0-68026 0-62226 1995-9 2140-6 18258
3-0-3 0-0541 0-67900 0-62111 2156-5 2136-6 1818*5
4-0-1 0-0550 0-69030 0-63145 1683-4 2172-2 1879-5 , 6403
4-0-2 0-0500 0-62754 0-57404 1598-5 1974-7 15530
4-0-3 0-0541 0-67900 0-62111 2007-7 2136-6 1818-5
4-8-1 0*0540 0-67775 0-61997 2220-2 2132-7 1811-8 4704
4-8-2 0-0543 0-68151 0-62341 2207-9 2144-5 1832-0
4-8-3 0-0524 0-65767 0-60160 2055.4 2069-5 1706.0
•
+ specimens designation system: FT-IN-NO.
• equation 4-3
• equation 4-1 6=J-57in
• treated as fixed-end columns
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Fig. 5-3 Behaviour of a 6in. box column-
(specimen 0-6-1 )
f lange (f2 )
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f l a n g e f  f j )
web(w2)
flange (fj )
W1 W2
web(w} ) web(w2)
P r  485-02 lbs 
P r  9 2 594  
P* 11 4-6-40
Buck l ing  mode
growth of  deformations 
prior to buck l ing
i____ i______ I . - 3  .
5  w  x 10 in
0 10 x  10 2 in
Fig 5-4 Behaviour of a 6in- box column
(specimen 0-6-2)
f lange(f j)
’ . ' • • ' ■” * -• ' - 1 2  5
P= 485-02 lbs \  growth of  deformations 
P 925-94  I pr'or buck l ing  
P 1146-40
0 5 10 x 10 in
Buck l ing  mode }------- £ — 7+ *n20 5 10 x 10 m
web.(w2)web (Wj)
flange ( f2)
Fig-5-5 Behaviour of.a 6in box column
(specimen 0-6-3)
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flange (f, )
webfwi )
, Q
flange ( f3)
web(W2)
P= 485 02 lbs \ growth of deformations 
P z 925-94 ] prior to buckling
P= 1146-40 J i_ 
'  0 i ri.5 10 X 10
Buckling mode i----- 1---10 5 10 x 10
Fig. 5-6 Behaviour of a 12 in box column
I specimen 1-0-1 }
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flarigef f,) flange (f,)-
* 0 *
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TI I 11
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  ---- Ps 4&S.02 lbs\ growth of deformations
---------------p .-  925-94 J pn'or. to buckling
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Test 1 \ buckling mode
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Fig,-5-7 Behaviour of a 12 in box column
{ specimen 1-0-2)
flange (f, )
czzn1*
flange (fj)
w e b  (w , ) web(w2 )
  P- 485 02 lbs growth of deformations
   P- 925- 94 prior to buckling
p= 1146-40 10 5 10 x 10
Buckling mode i0 5 10 x 10
Fig- 5-8 Behaviour of a 12 in box column
( specimen 1-0-3)
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flange( f,) flange(f2)
Fig-5-10 Buckling mode for an 18 in box column
(specimen 1-6-2)
W1 d ] W2
web (wn)
First buckling pattern
web(w2)
Test 1
weblwfr web (w7
Second buckling pattern
----------- Test 2 0 5 10*103in
Fig 5-11 BUCKLING MODES FOR A 24in  BOX COLUMN, 
(specimen 2-0-1 )
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Fig. 5-12a BUCKLING MODE FOR A 36  in. BOX COLUMN 
(specimen 3-0-1)
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Fig. 5-13 BUCKLING MODES FOR A 48 in BOX COLUMN- 
(specimen 4-0-1)
flange^) we b (w-i)
* , r >
  A first buckling pattern
 A second buckling pattern
Fig.5-14 BUCKLING MODES FOR A 56in BOX COLUMN 
(specimen 4-8-1)
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Fig. 5-15 A Buckling Mode 
for a 6 in. Box Column 
Under Axial Compression
Fig. 5-16 A Buckling Mode for 
a 12 in. Box Column Under 
Axial Compression
1 37
Fig. 5-17 A Buckling Mode for a 24 in. Box Column Under 
Axial Compression
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Fig. 5-18 A Buckling Mode 
for an 18 in. Box Column 
Under Axial Compression
Fig. 5-19 A Buckling Mode for 
a 48 in. Box Column Under 
Axial Compression
Fig. 5-20 A 56 in. Box Column Under Axial Compression 
(general set-up)
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Concluding Remarks
A Recapitulation of the findings of the present work 
is given in this chapter:
The results of this study illustrate the power and 
potentiality of the finite element method of stress analysis 
when applied to non-linear structural analyses, an example 
of which is, the instability analysis of thin-walled structures.
It is not the aim of this research work to develop the 
finite element technique in the sense of developing or 
suggesting a new geometrical element or some element functions. 
Hence, the chosen displacement functions, used in this work, 
are those which have been suggested by a number of researchers 
and found to be suitable for this type of study.
A discussion on the limitations of these functions is 
given i n .sections 3 .2 .1 -and 3 .2 .2 . The accuracy of the 
functions has been demonstrated by calculating the critical 
buckling loads of thin flat plates and curved sheet panels, 
submitted to axial compression. The results of this inves­
tigation indicate,that plausible results with high degrees 
of accuracy can be obtained with such functions (Chapter 4) .
An observation, regarding the bounding of the solutions.,
is worth noting here. Although assumed displacement functions
tend to converge from above towards the true buckling loads,
the results of this investigation and the findings of Kapur 
(15)and Hartz , on similar studies, indicate convergence from 
below. This is in the nature of non-compatible displacement 
functions, owing to the associated inter-element boundary 
condition (section 3 .2 .2).
Having realized the versatility of the finite element
method in stress analysis, a large number of theoreticians
(21 4 4)have suggested some compatible displacement functions
C h a p t e r  6
U 1
Hence, the introduction of such functions into this type of 
investigation can be recommended as a rigorous check, and, 
hopefully, an improvement on the method employed herein.
Furthermore, the chosen displacement functions (used 
in this thesis) yield five degrees of freedom per nodal 
point of an element in its own coordinate system; the 
in-plane rotation, 6 , has been omitted. A study on the
effects of 0 on the final solutions might be of value.
The computer program, with the incorporated iterative 
techniques, has been found to be well behaved in all the 
problems to which it has been applied. The convergence 
criteria,are, in a sense, arbitrarily chosen by the author. 
Hence, it is possible that some other criteria could be 
suggested to improve the rate of convergence.
One of the main applications of the computer program - 
has been to the instability analysis of thin-walled box 
columns to investigate'the 'validity' of the Classical 
assumptions, regarding the boundary condition along the 
longitudinal edges of the structural components, forming . 
the four faces of the box section. The classical assumptions 
treats such boundaries as being of simple support condition 
and hence, the problem of determining the.critical buckling 
load of the whole box columns is reduced to an instability 
study of the individual structural components.
The analytical results for the studied box section,
Fig. 4-2 0 , yield critical load levels lower than those for, 
both, the flat webs and the curved sheet panels, taken in 
isolation and assumed to be simply supported along the four 
edges. One may associate such variations to the finite 
element models in representing an actual box-section; the 
accuracy of the displacement models, given in Fig. 4-2 0 , 
was merely a 'guess’ following the instability studies on 
flat plates and curved sheet panels, with similar finite' 
element mesh sizes (section 4 .2 and 4 .3).
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However, .past experience and the theory of instability 
indicate that the instability behaviour of thin-walled 
structures resembles that of shell-type structures. Hence, 
a form of bifurcational instability, which is highly sensitive •. 
to initial imperfections, can be expected. Consequently, 
a stability study on individual components, taken in isolation, 
does not guarantee a global stability of the box column.
The important concept of interaction between local and 
overall modes of instability of thin-walled columns was not 
included in-the brief of the present study.
The experimental study gn box columns, formed as assemblages 
of flat plates and curved sheet panels, Fig. App 2-1 , is 
given in Chapter 5 . No direct comparison, between the 
results of this study and those obtained from the finite 
element analyses on the. idealized box sections, Fig. 4-2 0 , 
can be drawn owing to:
1 . The presence of the 'lips' in the actual test models./
The effects of 'lips' or end reinforcement on the 
overall stability of structural systems are given
by Bulson ^  ;
2 . The unavoidable presence of initial imperfections in 
the test models, whilst the finite element models 
were assumed to be ;'perfect'.
The effects of initial imperfections on the global
stability of thin-walled structures can be of major significance
in varying the critical load levels. Instability theories
F 1/3 (4 37)predict such variations to be in order of e 2 to e ' ,
where e represents initial imperfections* Hence, it is not 
surprising to find the scatter in the experimental results 
(Table 5-1). However, such an experimental study may give 
some indication to the general behaviour of such structural “ 
systems.
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The controversial problem of cantilevered box girders 
was investigated in this research study to illustrate the 
inadequacy of the design procedure, where the stability of 
structural elements and stiffened panels, taken in isolation, 
is assumed to guarantee a global stability of the whole box 
girder.
The results of an intensive analysis on a cantilevered 
box girder is given in sections 4 .6 and 4 .6 .1 . The inves­
tigation includes -a study on the effects of initial imperfections 
oh the global instability of the cantilevered box girder.
One form of imperfections was investigated; the imperfection 
being an initially applied root moment (section 4 .6 .1).
Results show variations in the critical load level.indicative 
of unstable post-buckling characteristics(Fig. 4-39). Hence, 
for design purposes, a final check on the global instability 
of the cantilevered box should be carried out.
A discussion on the form of instability, as detected 
by the computer program, is given in section 4 .6 .2 . Results 
indicate that the 'perfect' structure tends to display a 
limit type form of instability. However, the application 
of initial imperfections gives a family of curves, one of 
which exhibits a bifurcational form of instability.
Although some variations in the critical load levels 
were reported for this form of imperfection, it is feasible 
that more drastic effects may arise with some other forms off 
initial imperfections. Hence, the effects of random imper­
fections may be suggested as a topic for future research.
A number of authors have emphasized the effects of such 
imperfections on the instability behaviour of structural 
systems.
Furthermore, it has to be remembered that the effects of 
initial imperfections on a structure may be related to the 
shape of the post-buckling path, the structure tends to 
follow. Hence, a study regarding the post-buckling behaviour 
of cantilevered box girders could be of great value.
1 4 4
The nature of the present study limits the investigation 
to one static loading parameter. A further study into the 
effects 'of more than one loading parameter, and, possible, 
the inclusion of dynamic loading system could be of some 
interest. Furthermore, no mention is given, in this thesis, 
to creep and plastic buckling since these phenomena were 
considered beyond the scope of this non-linear elastic 
analysis.
Appendix 1
Matrix Formulations
1 4 5
App 1 . 1 Membrane Behaviour
App 1 .1 .1 Derivation of the In-plane Displacement Functions A.rtri...   . ■-     ■ — -    - - mm mm    ft — - Ti" . r i I-l n -|»- n Til-   r-n
A direct integration of the differential equations of 
equilibrium (2-1) yields a set of polynomials which can 
represent the in-plane displacement functions.
A stress distribution that satisfies the equations of 
equilibrium can be in the f o r m ^  :
^  = o6, ♦ oi2 y 
cry  --« 3 * <*X
Z 7 =  < i  
xy 5
..... (App 1—1)
From the t h e o r y of two-dimensional elasticity, the stress? 
strain relationship for an isotropic material can be expressed 
a s :
<T = —
* 1 - u 2 \  x
2(i^) * y
In matrix form:
K ,
‘ y - t y y - " + )
2(W>) £
.. E
x y
(App 1-2)
O',y
S y
E
1 u 0
/J 1 0
0 0 } 2
ex
^xy
(App 1-3)
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€ .  ss !  ( c t ,  + <* V  _  ^  U  y y  oL X  )  = 'S i-A .  L^x ^  ^ 3 7 ax
S u b s t i t u t i n g  e q u a t i o n s  A p p  1 - 1  i n t o  A p p  1 - 2 :
fa Y + fa + f a * )  =
ryvi a z j j +j A )  f a
\* y
3 Y
= + 2Lir"b y
(App 1-4)
Integrating equation App l-4a with respect to x:
AIL. = JL. ( d t x + ^ X Y  - rfrftyj X - >  + f (Y) >  (App 1-5)
where f(y) is an arbitrary function of y.
Similarly, integrating equation App l-4b with respect to y: 
v“ « -A- (-*>* Y - ^fa £  + faY + fa*Y + 3 Cx))  (App 1_ 6 j
where g(x) is an arbitrary function of x.
Differentiating and substituting into equation App l-4c: 
c c x  t  P ' ( Y ) + f a , Y  + tf (x)  = z d  + ^ f a
Letting,
Upon integrating,
?(Y) = - < r  + cL Y + U7
4- 2 v *
g (x) * -  j d  + z c/yrfU f a x  -  f a x  + fa
Therefore,
W. ^ _±. (Vf x + y -  -  ek  ('X'xty. y ^ )  + ^  Y + < , )
(App 1-7)
tr = J - G / jcL Y -  f a  ( d .y * + x%) + f a Y  + fa xY  + z ( u ^ ) f a x  -  fax +fa)
( A p p  1 - 8 )
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A p p  1 . 1 . 2  T h e  M e m b r a n e  S t i f f n e s s  M a t r i x  Km
Equations App 1-5 and 1-6 define the displacement functions
u and v in terms of eight generalized coordinates a^, a2 ,
a*. ..... a0 . The number of the generalized coordinates coincides
3  o
with the eight- degrees of freedom of a quadrilateral element 
where two degrees of freedom, u(Sx) and v(Sy), are ascribed 
to each nodal point. Hence, matrix B in-equation 2-5 is a 
square matrix that can be written explicitly in the form:
U ;
U
u
u,
= JL
E
X, x i yi -Z )  X j
2 2 
2 0 y i 1 0
s
2 2 (» y ? * i)
2 y i
x. y. 
i -j.
2(1+4*,' “ X i
0 1
x l x i y i
2 2
J  p xl F l  l  
2 0 y i 1 ' 0
- y ,
2 2 
2 yl V l 2 ( 1 + 4 ^
0 .  ' 1
aim
Ci'
OC,
^ 6
CLr
A = B a  m m
where subscript m refers to membrane behaviour
(App 1-9)
The derivatives of the displacement functions are given 
in equations App 1-4 .
H e n c e ,  e q u a t i o n  2 - 1 3  c a n  b e  w r i t t e n  a s :
Kxy
&
/ Y -JS -//X 0 0 o o
-rasu J X 0 0 0 o
0 0 O 0 0 0 o
— (j/—
or
e " V  •  (App :
The principle of virtual displacement is employed in 
deriving the membrane stiffness matrix Km (equation 2-47). 
The procedure is as presented in section 2 . 5 yielding the 
following matrix equation:
^m ~~ Em Gm Em  (App 3
where,
Cra = J ,  *°T E D>m dV  <APP ]
' ' v o l
For an element with constant thickness, t, the matrix
CL becomes: m
Cm = t Ja r e a  <D E °)m dA •  (App 3
The matrix Cm is generated and given explicitly in 
Fig. App 1-1 .
1 48
-10)
-11)
-12)
- 1 3 )
A
2
XV
2
-L>A
2
0 0 0 0 .
3
2
2
2 2 
4
0 0 0 0
A L i
2
0 0 0 0
L l
3
0 0 0 0
2 ( M a 0 0 0
\
4 .
0 0 0
1
0 0
0
where
A = surface area of the element
X1 ' x2 ' -^ 1 and 12 ~ Limits °f integration
Fig, App 1-1 Matrix Cm
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App 1.2 Flexural Behaviour
The assumed displacement function for plate bending is
(4 5) ’that presented by Zienkiewicz' , and reproduced in 
equation 3-2 : fA f -Y 3
o r  = x 3  * 7  A x C / C  Y * + / ? y 3 'f  + /?  X* Y  +
where 3^, 32 , £3/ 
coordinates.
/ + xy+X >* r s + X ,  x y * + / £ -
^2 are the generalized
(App 1-14)
The expressions for bending and 
twisting moments, per unit length, for 
a plate under pure bending, are given 
by Timoshenko and W o i n o w s k i - K r i e g e r :
M x= - D ( | | 4  + ■ " & )
xy
w h e r e  D =
M y=" ° ( w *  + ^  
m v „= D ( - - j  | r ?
E f
 (-^ PP 1~1 5)
] 2 (1 - j j 2 ) is the flexural rigidity of the plate, 
t is the thickness of the plate, E and ^  are the modulus 
of elasticity and Poissons ratio, respectively.
In matrix form, equation App 1-15 can be written as
M,
M,
Mxy
E t  
12 tV~^)
1 0
1 0
0 0 . U j j  2
o T tO
■5k*-
° f  ~ Ef C f  ' ..... (App 1-1 6)
I
where the subscript f refers to flexural behaviour.
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Differentiating the.displacement function w, f(x,y), with 
respect to x and y:
^  =  3 / f  + / C  +  3 f - j  ' A v  +  7  + /!< >  V 3+ / i S ' i- -
= e f  x + i f  + £ f n * Y  + 'L/4  V  
-teL ^ 3/ Z y Z +  2- / * Y  + f i  + / £ x^  / g * * + / i  x + 3/ f x Y% y f , x y
= 6/£ y  + -a < y C x>/ * V ^ ; x
2k  * 3 /  x* + X * Z  * 3 /  y2- * */£ r ------------■sx'ay / 7 7 / * 7
(App 1-17)
The out-of-plane displacements at any point i , on the 
continuum, due to lateral loadings are given as:
- * ~ -
W w
a. r* u °x =
~dLs
1 1 i-
~P) OJ 
9 X x = *<• 
Y=Y^
Hence, equation 2-5 can be re-written explicitly as 
shown in Fig. App 1-2 .
df “ Bf 6 (App 1-19)
The moments-curvature relationships of equation 2-16 can 
be re*twritten in the form:
-aLft©><*■
c>HdV
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The principle of virtual displacement is followed in 
deriving the stiffness matrix of equation 2-4 7 , yielding
Kf = B"T C f B"1 ..... (App 1-2 1)
where,
Cf = (DT E D)f dA .....(App 1-22)
The matrix is generated and is given explicitly in 
Fig. App 1- 3 .
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The incremental stiffness matrix N represents the effect 
of stretching the middle surface due to bending (section 2.6). 
The matrix N is represented by the following expression for 
the potential energy, equation 2-4 6 :
u - - i f f  j ti (??)** N»(lf)>2 +  V h )  | d*d»
With reference to equations App 1-14 and 1 7 , and
can be expressed in matrix form as:ay
A p p  1 . 3  T h e  I n c r e m e n t a l  S t i f f n e s s  M a t r i x  N
ax
away
or,.
2
3 X 2 x 1 0 0 0 3x2 y 2 x y
3
y
2
y y 0
0 0 0 3 / 2 y 1
3
X
2
X X 3 x / 2 x y 0
e = g 3
0 = GB_1 A
A
k
- V —
A
fn
 .(App 1-2 3)
'..... (App 1-2 4) 
. .... (App 1-2 5)
The stress tensor Ne can be represented as:
Ne =
N x y
N * y N y
( A p p  1 - 2 6 )
1 5 6
H e n c e ,  t h e  p o t e n t i a l  e n e r g y  o f  e q u a t i o n  2-46  c a n  b e  
w r i t t e n  i n  m a t r i x  f o r m  a s :
u  = 7 / / { e r N , 9 }  d x d : ( A p p  ]
S u b s t i t u t i n g  e q u a t i o n  A p p  1-25  i n t o  e q u a t i o n  A p p  1-27  
a n d  e x t r a c t i n g  f r o m  t h e  i n t e g r a l  t h e  t e r m s  w h i c h  a r e  n o t  
f u n c t i o n s  o f  x  a n d  y :
u = f  4  { B"/ [f{G?NeG}d=<dy] B'y) Af (App 3
T h e  s t r a i n  e n e r g y  c a n  b e  e x p r e s s e d  a s
U =  h  d T K d (App a
C o m p a r i n g  e q u a t i o n  A p p  1-28  w i t h  e q u a t i o n  1 - 2 9 ,  y i e l d s
w h e r e ,
N =  Bi T C n  S i 1
C n  = / / (gT N e G) d x  d y
( A p p  .1 
( A p p  3
T h e  m a t r i x  Cn  i s  g e n e r a t e d  a n d  i s  g i v e n  e x p l i c i t l y  i n  
F i g s .  A p p  1- 4 ,  1- 5 ,  1 - 6 , a s  a  f u n c t i o n  o f  N ,  N a n d  Nx y  x y
w h e r e :
i =4
Nx-*2J(*Vt
i = 1
i=1
N x y = l f ] ( r > < y V t -
i=1
H e n c e
C =  C +  C +  C n n x  n y  n x y .....(App ]
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Appendix 2
T e s t  S p e c i m e n :  M a t e r i a l ,  M e c h a n i c a l  P r o p e r t i e s  a n d  F l e x u r a l
B e h a v i o u r
A p p  2 .1  I n t r o d u c t i o n
T e s t s  w e r e  c a r r i e d  o u t  o n  h o l l o w  e x t r u d e d  b o x  u n i t s ,  m a d e  
o f  r i g i d  p o l y v i n y l c h l o r i d e  p l a s t i c  ( P V C ) , a s  a n  e x p e r i m e n t a l  
s t u d y  o n  t h e  l o c a l  i n s t a b i l i t y  o f  t h i n - w a l l e d  s t r u c t u r e s .
A t y p i c a l  c r o s s - s e c t i o n  o f  s u c h  a  u n i t  i s  s h o w n  i n  
F i g .  A p p  2- 1 .
A p p  2.2  M a t e r i a l  a n d  M e c h a n i c a l  P r o p e r t i e s
B e i n g  a  t h e r m o p l a s t i c  m a t e r i a l  ( a  m a t e r i a l  t h a t  c a n  b e  
r e - s o f t e n e d  t h r o u g h  t h e  a p p l i c a t i o n  o f  h e a t  a n d  r e - h a r d e n e d  
t h r o u g h  c o o l i n g ) , t h e  m e c h a n i c a l  p r o p e r t i e s  o f  PVC a r e  
f u n c t i o n s  o f  t e m p e r a t u r e ,  t i m e ,  r a t e  o f  s t r a i n  a n d  o t h e r  
f a c t o r s  w h i c h  a r e  b e y o n d  t h e  s c o p e  o f  t h i s  s t u d y . .
S o f t e n i n g  p o i n t  o f  PVC i s  a b o u t  82° C ^ 1 ^  w h i l s t  i t s  
s e r v i c e  t e m p e r a t u r e  i s  c o n s i d e r e d  t o  b e  20° C ^ d 4 ^ .  I m p e r i a l  
C h e m i c a l  I n d u s t r i e s  ( I C I )  a s s u m e s  t h a t  PVC h a s  a  c o n s t a n t  
w o r k i n g  s t r e s s  b e t w e e n  - 30° C  a n d  + 20° C .  A t  20° C  t h e  w o r k i n g  
s t r e s s  s t a r t s  t o  d r o p  r e a c h i n g  z e r o  w o r k i n g  s t r e s s  a t  
t e m p e r a t u r e s  v a r y i n g  b e t w e e n  55 a n d  60° C .
A p p  2 . 2 .1  M o d u l u s -  o f  E l a s t i c i t y  (E)  a n d  P o i s s o n ' s  R a t i o  ( v )
T e s t s  w e r e  c a r r i e d  o u t  t o  d e t e r m i n e  t h e  v a l u e s  o f  E a n d  v 
o f  PVC a t  r o o m  t e m p e r a t u r e s  ( b e t w e e n  20 a n d  25° C ) . T w o  
d i f f e r e n t  p r o c e d u r e s  w e r e  f o l l o w e d  i n  d e t e r m i n i n g  t h e  
m o d u l u s  o f  e l a s t i c i t y :
I .  T w e n t y  s e v e n  s t r i p s ,  h a v i n g  a  n o m i n a l  w i d t h  o f  1 .0  i n .  
w i t h  a n  a v e r a g e  t h i c k n e s s ,  v a r y i n g ,  f o r  d i f f e r e n t  
s p e c i m e n s ,  b e t w e e n  0 .0449  a n d  0,0595  i n . ,  a n d  w i t h
1 6 1
a n  a v e r a g e  g a u g e  l e n g t h  o f  5 . 24- 5.70  i n . ,  w e r e  
t e s t e d  u n d e r  a x i a l  t e n s i l e  l o a d  u s i n g  a n  I n s t r o n  
m a c h i n e  m o d e l  T T - C M - L - M 4 , F i g .  5- 1 , T h e  l o a d  . 
v s .  e x t e n s i o n  c u r v e s  w e r e  p l o t t e d  o n  a  s t a n d a r d  
c h a r t  p l o t t e r  s y n c h r o n i z e d  w i t h  t h e  m o v e m e n t  o f  
t h e  I n s t r o n ' s  c r o s s - h e a d s .  A n  a v e r a g e  v a l u e  o f  
0 .375  x  106 p s i  -  4 . 87% w a s  c a l c u l a t e d  f o r  t h e  
m o d u l u s  o f  e l a s t i c i t y  ( T a b l e  A p p  2- 1 ) .
2 . F i f t e e n  s t r i p s ,  h a v i n g  a  n o m i n a l  w i d t h  o f  0 .5  i n .  
w i t h  a n  a v e r a g e  t h i c k n e s s ,  v a r y i n g ,  f o r  d i f f e r e n t  
s p e c i m e n s ,  b e t w e e n  0 . 0506 . a n d  0 .0637  i n . ,  w e r e  
t e s t e d  u n d e r  a x i a l  t e n s i l e  l o a d  u s i n g  t h e  I n s t r o n  
m a c h i n e  t o g e t h e r  w i t h  a n  I n s t r o n  s t r a i n  g a u g e  
e x t e n s o m e t e r , m o d e l  G - 51- 11 . T h e  l o a d  v s .  s t r a i n  
c u r v e s  w e r e  p l o t t e d  o n  a n  X - Y  c h a r t  p l o t t e r  
s y n c h r o n i z e d  w i t h  t h e  e x t e n s o m e t e r ,  m o u n t e d  o n  t h e  
s p e c i m e n  u n d e r  t e s t .  A v e r a g e  v a l u e s  o f  0.416  x  10^ p s i
-  3 . 34% f o r  l o a d s  u p  t o  55 l b s .  a n d  0 .401  x  10  ^ p s i  
+
-  4 . 5% f o r  t e n s i l e  l o a d s  h i g h e r  t h a n  55 l b s .  w e r e  
c a l c u l a t e d  f o r  t h e  m o d u l u s  o f  e l a s t i c i t y  ( T a b l e  A p p  2- 2 ) .
F o r  t h e  P o i s s o n ' s  r a t i o ,  s i x  s t r i p s ,  h a v i n g  a  n o m i n a l  
w i d t h  o f  1 . 0  i n .  w i t h  a n  a v e r a g e  t h i c k n e s s ,  v a r y i n g ,  f o r  
d i f f e r e n t  s p e c i m e n s ,  b e t w e e n  0 .0485  a n d  0 .0558  i n . ,  w e r e  
t e s t e d  u n d e r  a x i a l  t e n s i l e  l o a d s  t o g e t h e r  w i t h  e l e c t r i c  s t r a i n  
g a u g e s ,  T i n s l e y  T y p e  16A ,  f i x e d  o n  
b o t h  s i d e s  o f  t h e  s p e c i m e n  u n d e r  
t e s t .  S t r a i n s  w e r e  r e a d  f r o m  a
S t r a i n  I n d i c a t o r  ( P e e k e l  T 200 ) STRAIN G A U G E S
t h r o u g h  a n  E x t e n s i o n  B o x
( P e e k e l  23U ) . A n  a v e r a g e  v a l u e  o f  0 .35  w a s  c a l c u l a t e d  f o r  
t h e  P o i s s o n ' s  r a t i o  { u )  o f  P V C .
S o m e  d i f f e r e n c e s  w e r e  e x p e c t e d  t o  r i s e  b e t w e e n  t h e  v a l u e s  
o f  E a n d  ;.+> o b t a i n e d  e x p e r i m e n t a l l y  a n d  t h o s e  f o u n d  e l s e w h e r e  
i n  l i t e r a t u r e .  S u c h  a  c o m p a r i s o n  i s  g i v e n  i n  T a b l e  A p p  2- 3 .
H 2 3/8  i n ,
u ' 2 5/16
h* 2
h' 1 9/16
h 1 7/16
W 3 15/16
w' • 3 9/16
w 3 1/4
Re 6 3/8
Ri 6 5/16
Rc l 6 11/32
t f= t W 1/16
a
j
30
- S e c t i o n .
Table App 2-1
i c i m e n A r e a  ( i n .
( P r o c e d u r e  1 ) 
o
) G a u g e  L e n g t h  ( i n . ) E x  10^ p s i
1 0.0525 5.245 0 .361
2 0.0529 5.245 0 . 350
3 0 .0595 5.245 0 .341  .
4 0.0509 5.245 0 .346
5 0.0509 5 .700 0 .401
6 0.0497 5 .450 0 .427
7 0 .0509 5.250 0 .369
8 0.0526 5.250 0 .378
9 0 .0558 5 .720 0 .399
1 0 0.0529 5.270 0 .365
1 1 0.0588 5 .270 0 .349
1 2 0 . 0512 . 5.270 0 .393
13 0.0511 5 .270 • 0 .361
14 0 .0502 5 .270 0 .375
15 0 .0559 • 5.270 0 .368
16 0 .0510 5.270 0 .369
17 0.0497 5 .270 0 .387
18 0 .0504 5 .280 0 .373  •
19 0*0509 5 .270 0 . 3 78 -
2 0 0.0506 5 .270 0 .380
2 1 0 .0464 5 .280 0 .368
2 2 0 .0462 5 .280  . 0 .369
23 0.0462 5 .270 0 .  383
24 0.0476 5 .270 0 .  380
25 0.0464 5 .270 0 . 380
26 0.0472 5.280 . 0 .395
27 0.0463 5 .280 0 .382
Table App 2-2
M o d u l u s  o f  E l a s t i c i t y  (E)  o f  PVC 
( P r o c e d u r e  2 )
O • fi fi
S p e c i m e n  A r e a  ( i n t ; )  E x  10 p s i ( * )  E x  10 p s i ( * * )
1 0 .0272 0 .409 0 .381
2 0.0286 0 .418 0 .414
3 0.0318 0 .424 0 .402
4 0 .0252 0 .436 0 .410
5 0 .0261 0 .422 0 .409
6 0 .0328 0 .422 0 .407
7 0 .0301 0 .413 0.398
8 0.0309 0 .422 0 .407
9 0.0304 0 . 4 0 7 ‘ 0 .388
1 0 0 .0310 . 0 .396 0 .387
1 1 0 .0263 ‘ 0 .4 00 0 .396
1 2 0 .0254 0 .431 0.403
13 0 .0267 0 .403 0 .397
14 0 .0283 0 .419 0 .404
15 0 .0253 0 .419 0 .415
* m a x i m u m  a p p l i e d  l o a d —  55 l b s . .
* *  m a x i m u m  a p p l i e d  l o a d  == 232.3  l b s .
T h e  s e c o n d  p r o c e d u r e  w a s  e x p e c t e d  t o  y i e l d  m o r e  a c c u r a t e
r e s u l t s  s i n c e  t h e  r e c o r d e d  s t r a i n s  c o r r e s p o n d  t o  t h e  a c t u a l
e x t e n s o m e t e r 1s  s t r a i n s  i n d e p e n d e n t  o f  a n y  e x t e r n a l  f a c t o r s .
H e n c e ,  t h r o u g h o u t  t h i s  r e s e a r c h  w o r k ,  a v e r a g e  v a l u e s  o f  
60.4085  x  10 p s i  a n d  0 .3 5  a r e  u s e d  f o r  t h e  m o d u l u s  o f  
e l a s t i c i t y  a n d  P o i s s o n ' s  r a t i o ,  r e s p e c t i v e l y .
.
M o d u l u s  o f  E l a s t i c i t y  
E x  106 p s i
P o i s s o n ' s  
R a t i o
V
S h e l l  ( 19 ) 
I C I  ( 14 ) 
S a y i g h  ( 30 ) 
A u t h o r
0 . 350 
• 0 .450  
0 . 420 
P r o c !  0 .375  
P r o c !  0 .4085
0 . 32- 0 .37
0 .35
T a b l e  A p p  2-3  C o m p a r i s o n  B e t w e e n  D i f f e r e n t  V a l u e s  o f  E & v 
A p p  2 . 2.2  T e n s i l e  S t r e n g t h
E i g h t e e n  s p e c i m e n s ,  o f  t h e  t y p e  s p e c i f i e d  i n  t h e  B r i t i s h  
S t a n d a r d s  B . S .  2782 p a r t  3/301  ( 1957 ) ,  F i g .  A p p  2- 2 , w i t h  
a n  a v e r a g e  t h i c k n e s s  v a r y i n g ,  f o r  d i f f e r e n t  s p e c i m e n s ,  b e t w e e n  
0 .044  a n d  0 .055  i n , , -  w e r e  t e s t e d  a t  r o o m  t e m p e r a t u r e  u n d e r  
a x i a l  t e n s i l e  s t r e s s .
+
An a v e r a g e  m a x i m u m  t e n s i l e  s t r e n g t h  o f  7540  p s i  -  6 . 6 % ,  
w i t h  a n  e x t e n s i o n  o f  3- 4%, w a s  o b t a i n e d  f o r  P V C .  F i g .  A p p  2-3  
s h o w s  t h a t  f o r  s t r a i n s  <  ! % ,  PVC c a n  b e  c o n s i d e r e d  t o  b e  
H o o k e a n  m a t e r i a l .
A n  i n t e n s i v e  w o r k  o n  t h e  s u b j e c t  w a s  c a r r i e d  o u t ,  a t  t h e  
D e p a r t m e n t  o f  M e c h a n i c a l  E n g i n e e r i n g  o f  t h e  I m p e r i a l  C o l l e g e ,  
L o n d o n , U n i v e r s i t y , b y  S a y i g h ^ 3 0  ^ o n  s a n d w i c h  b e a m s  u s i n g  PVC  
a s  a  s k i n  m a t e r i a l .  S a y i g h  d r e w  s i m i l a r  c o n c l u c i o n s  r e g a r d i n g  
t h e  s t r e s s - s t r a i n  c u r v e  o f  P V C .  F u r t h e r ,  h e  n o t e d  t h a t  t h e  
s h a p e  o f  t h e  s p e c i m e n s  h a s  l i t t l e  o r  n o  e f f e c t  o n  t h e  v a l u e s  
o f  t h e  m o d u l u s  o f  e l a s t i c i t y .
1 65
F i g . ‘ A p p  2 - 2  T e n s i l e  S p e c i m e n .
* w was taken as 1.0 in. to enable the specimen to fit inside 
the Instron machines’ jaws.
1 67
T a b l e  A p p  2-4 
M a x i m u m  T e n s i l e  S t r e n g t h  o f  PVC
2S p e c i m e n  A r e a  ( i n .  ) M a x .  T e n s i l e  S t r e n g t h  ( p s i )
1 0 .01194  7441
2 0 .01500  7496
3 0.01452  . 7333
4 0 .01380  7349
5 0.01427  7416
6 0 .01322  7171
7 . • 0.01201  7435
8 0 .01238  7319
9 0.01275  6969
10 0 .01287  6938
11 0.01302  7061
12 0.01417  7219
13 0.01439  8488
14 0 .01473  8711
15:;; 0 .01285  - 8115
16 0 .01285  7714
17 0.01501  8108
18 0.01436  7446
1 6 8
t o  c o  * -  crj cn - o
1 6 9
I n  o r d e r  t o  d e t e r m i n e ,  e x p e r i m e n t a l l y ,  t h e  f l e x u r a l  
b e h a v i o u r  o f  t h e  t e s t  u n i t s ,  o p t i c a l  c a t h e t o m e t e r s  a n d  
m e c h a n i c a l  d i a l  g a u g e s  w e r e  u s e d  t o  m e a s u r e  t h e  v e r t i c a l  
d e f l e c t i o n s  o f  s i n g l e  u n i t s  s u b j e c t e d  t o  t r a n s v e r s e  l o a d s .
T h e  u n i t s ,  w i t h  s p a n s  o f  3 f t . ,  w e r e  t e s t e d  u n d e r :
a .  P u r e  b e n d i n g ,  u s u a l l y  c a l l e d  f o u r  p o i n t  l o a d i n g .  
( F i g .  A p p  2- 4 ) w i t h  a p p l i e d  m o m e n t s  o f  1 0 ,  20 
a n d  30 f t . - l b s .
b .  P o i n t  l o a d s ,  u s u a l l y  c a l l e d  t h r e e  p o i n t  l o a d i n g  
( F i g .  A p p  2- 5 ) w i t h  a p p l i e d  l o a d s  o f  20 . 53 ,
30.53  a n d  40 l b s .
App 2.3 Flexural Behaviour of the Test Units
F i g .  A p p  2-4  F o u r - P o i n t  
L o a d i n g
F i g .  A p p  2-5  T h r e e - P o i n t  
L o a d i n g
( T h e  s h a d e d  a r e a s  r e p r e s e n t  t h e  b e n d i n g  m o m e n t  d i a g r a m s ) .
A p p  2 . 3 !  F o u r  P o i n t  L o a d i n g  ( 4PL)
T h e  d e f l e c t i o n  o f  a  b e a m  u n d e r  p u r e  b e n d i n g  i s  g o v e r n e d  
b y  t h e  e q u a t i o n
x P a (L X -.X2)2 El . . ... (App 2-1)
T a b l e  A p p  2-5  g i v e s  t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  
d e f l e c t i o n  o f  a  b e a m  w i t h :
1 7 0
M o d u l u s  o f  e l a s t i c i t y  ...................  0.4085  x  10 p s i
A v e r a g e  T h i c k n e s s  ................................ 0.0493  i n .
4A v e r a g e  M o m e n t  o f  I n e r t i a  . . .  0 ,466  i n .
X * ! M o m e n t s  ( f t . - l b s . )
L 1 0 2 0 30
1
16
0 .045  i n . 0 .105 0 .163
0.0565  * * 0.113 0 .170
1 0.078 0 . 160 0 .258
3 0.0904 0 . 180 0 .270
1 0 .096 0 .186 0.295
2 0.1017 0 .203 0 .305
T a b l e  A p p  2-5  D e f l e c t i o n s  o f  a  b e a m  u n d e r  f o u r - p o i n t  l o a d i n g .  
* s e e  F i g .  A p p  2-4
* *  t h e o r e t i c a l  d e f l e c t i o n  ( e q u a t i o n  A p p  2- 1 )
A c o m p a r i s o n  b e t w e e n  t h e  t h e o r e t i c a l  a n d  t h e  e x p e r i m e n t a l
d e f l e c t i o n s  i s  s h o w n  i n  F i g .  A p p  2- 6 . T h e  a v e r a g e  e x p e r i m e n t a l
v a l u e  f o r  t h e  f l e x u r a l  r i g i d i t y ,  E I ,  w a s  f o u n d  t o  b e  
5 22 . 1 2  x  1 0  l b . - i n .  f o r  a  u n i t  w i t h  a n  a v e r a g e  w a l l s  t h i c k n e s s  
o f  0.0493  i n . ,  c o m p a r e d  w i t h  t h e  e x p e c t e d  v a l u e  o f
1 .90  x  105 l b . - i n . 2
A p p  2 . 3 .2  T h r e e  P o i n t  L o a d i n g  ( 3PL)
T h e  d e f l e c t i o n  o f  a  b e a m  u n d e r  a  p o i n t  l o a d ,
AM
h* a
X
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is governed by the following equations:
- P b x l L 2-b2- x 2 ) 
6 El L
x < a
3 El L
( A p p  2- 2 )
£ = P a b ( a + 2 b ) V 3 a ( a + 2 b )
m a x ” 0 7  c r  i2 7  El L
, g + ( a * 2  b) 
3 a > b
T a b l e  A p p  2-6  g i v e s  t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  
d e f l e c t i o n s  o f  a  b e a m  s i m i l a r  t o  t h a t  u s e d  i n  s e c t i o n  A p p  2 
A c o m p a r i s o n  b e t w e e n  t h e  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  
d e f l e c t i o n s  i s  s h o w n  i n  F i g .  A p p  2- 7 .
A p p  2 . 3.3  D i s c u s s i o n
T h e  r e s u l t s  o f  f o u r - p o i n t  l o a d i n g  t e s t s  a r e ,  u s u a l l y ,  
m o r e  r e l i a b l e  t h a n  t h o s e  o b t a i n e d  f r o m  t h e  t h r e e - p o i n t  
l o a d i n g  t e s t s .  T h i s  i s  d u e  t o :
a .  T h e  a b s e n c e  o f  s h e a r  i n  t h e  f o r m e r  c a s e .  H e n c e ,
t h e  m e a s u r e d  d e f l e c t i o n s  a r e  d u e  t o . p u r e  b e n d i n g .  
F u r t h e r ,  t h e  d e f l e c t e d  s h a p e  o f  a  b e a m  u n d e r  p u r e  
b e n d i n g  i s  a  c i r c u l a r  c u r v e ,  i . e .  c o n s t a n t  r a d i u s  
o f  c u r v a t u r e ,  R .
M
E l
1-
R
T h u s ,  w i t h  a  c o n s t a n t  m o m e n t ,  M, a n d  a  c o n s t a n t  r a d i u s  
o f  c u r v a t u r e ,  t h e  r e s u l t e d  E l  i s  m o r e  a c c u r a t e  t h a n  
t h a t  c a l c u l a t e d  w i t h  v a r y i n g  M a n d  R a s  i n  t h e  c a s e ,  
w i t h  t h r e e  p o i n t  l o a d i n g  t e s t s ;
T a b l e  A p p  2-6 
D e f l e c t i o n  o f  a  B e a m  U n d e r  T h r e e - P o i n t  L o a d i n g s
X * A p p l i e d L o a d  P ( l b s . )
L 2 0 . 53 30.53 40.00
1 • 
6
0 .049  i n . 0.077 0 .091
0 .051  * * 0.076 0 . 1 0 0
1 0 .0 81 0.144 0 .179
3 0 . 090 0.134 0 .175
X =  a * * * ■kick * * *
( = 16.5  i n . ) 0 .103 0.153 0 . 2 0 1
m a x .
* * * k k k * * *
0 .1035 0.154 0 . 2 0 2
1
2
0 .087 0.159 0 . 2 1 1
0 .1033 0.1537 0 .2013
2 0 .098 0 .135 0 .177
3 0 .079 0.118 0 .154
5
6
0 . 0 58 0.083 0 . 1 0 2
0 .046 0.068 0.089
* s e e  F i g .  A p p  2-5
* *  t h e o r e t i c a l  d e f l e c t i o n s  ( e q u a t i o n s  A p p  2- 6 ) 
* * *  v a l u e s  u n a v a i l a b l e
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b .  T h e  l o c a l  d i s t u r b a n c e s  a r o u n d  t h e  l o a d i n g  p o i n t s ,  
w h i c h  i n  t h e  f o r m e r  a r e  o u t s i d e  t h e  s p a n e  u n d e r  
c o n s i d e r a t i o n .
T h e  t h r e e  p o i n t  l o a d i n g  t e s t s  w e r e  c a r r i e d  o u t  a s  a  
m a t t e r  o f  i n t e r e s t  a n d  n o t  f o r  e v a l u a t i n g  t h e  f l e x u r a l  
r i g i d i t y  o f  t h e  t e s t  s p e c i m e n s .  T h e  r e s u l t s  o f  t h e s e  
t e s t s  a r e  g i v e n  i n  s e c t i o n  A p p  2 . 3. 2  f o r  g e n e r a l  
c o n s u l t a t i o n .
1 7 6
.1 . B e n e d e t t i ,  D .  ,  B r e b b i a ,  C . ,  a n d  C e d o l i n ,  L .
" G e o m e t r i c a l  n o n - l i n e a r  a n a l y s i s  o f  s t r u c t u r e s  b y  f i n i t e  
e l e m e n t : " ,  M e c c a n i c a  N o .  1 , V o l .  7 , 1972 , ( J .  o f  t h e
I t a l i a n  A s s .  o f  t h e o r e t i c a l  a n d  a p p l i e d  m e c h a n i c s ,
AIMETA 1971 ) .
2 . B l e i c h ,  F .
" B u c k l i n g  s t r e n g t h  o f  m e t a l  s t r u c t u r e s " ,  M c G r a w - H i l l ,  1952 .
3 . B u l s o n ,  P . S .
" L o c a l  s t a b i l i t y  a n d  s t r e n g t h  o f  s t r u c t u r a l  s e c t i o n s " ,  
' T h i n - w a l l e d  s t r u c t u r e s ' ,  A .  H .  C h i l v e r ,  e d . ,
C h a t t o  a n d  W i n d u s  -  L o n d o n  1967 .
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